D. van Sonsbeek The Expanding Solar System Resonance Theory

The Expanding Solar System Resonance Theory:
A Geocentric Model of Earth’s Precession Cycles, Eclipses and Deep-Time
Climate

D. van Sonsbeek*

Independent Researcher, Den Dolder, The Netherlands

October 11, 2026

Abstract

Kepler’s orbital geometry, Laplace—Lagrange secular theory and Milankovitch climate theory each describe their part of the solar
system with high precision, yet no single construction connects Earth’s precession timescales, its day and year lengths, its eclipse record,
its climate spectrum and the motions of the other planets across geological time. We present a model in which one seed, one derived clock
and one codebase produce all of these together. The seed is one cited J2000 heliocentric state with the DE440 mass ratios and the first-
order post-Newtonian correction; the model’s own N-body integration of it carries the seven planets’ elements, the secular modes, Earth’s
own eccentricity, inclination and perihelion of date, and the 405.6-kyr long-eccentricity metronome, with no observation-fitted correction
on that path — the geocentric 3D simulation reproduces the positions of the Sun, Moon and the seven planets to within 0.012° against
JPL Horizons over 1800-2100 AD (the Sun to 1.03”), with Saturn’s ecliptic-retrograde perihelion appearing as the window phase of the
Great Inequality and Mercury’s relativistic advance entering as a derived term. The clock is Earth’s mean lunisolar precession period,
T, = 25,771.4 yr at J2000, derived as the beat of the model’s own sidereal and tropical year laws (the IAU value agrees to eight parts in
a million) and composed from the solar and lunar torques on Earth’s spin. Earth’s other long periods are readings against it — the apsidal
ratio reads 4.332 at J2000 and wanders between 1.08 and 9.81 — with the addition identities between them holding as frame arithmetic
at every epoch, and the day and year lengths, the obliquity history and the cardinal points follow on the same clock. Because the chain is
closed end to end, one input can be perturbed and every observable re-derived, which is what makes the model falsifiable as a whole.

The clock lengthens through geological time on two measured expansions — the Moon’s tidal recession slowing Earth’s spin and the
Sun’s mass loss — and that evolution is where the model is at risk. Three pre-registered legs decide it. First, the composed precession rate
against the rock record: it meets the cyclostratigraphic inference of Wu et al. (2024) at 650 Ma to 0.2%, and the Precambrian precession
constants at 1.4 and 2.46 Ga are carried as gates, where pure spin scaling already fails. Second, historical-era exactness: the same AT
formula (pure-tidal Farhat + an L1-coupled a(#) GIA correction anchored on satellite gravimetry (Cox & Chao, 2002), with zero parameters
fitted to eclipse data) places the model umbra within a +4-hour scan window of the observation site for 21/26 documented solar eclipses
spanning —762 to 2026 CE (with 5/26 geographic-class events), gives a mean [residual| of 20.2 min on the 267-event Stephenson et al.
(2016) lunar timing set, and rejects the full Munk—MacDonald non-tidal speedup. Third, the consistency of the two expansions, under
which the 405-kyr cycle in dated Precambrian strata weighs the ancient Sun at ©(2.48 Ga) = 1.00 £ 0.07. Two retrodictions come with no
deep-time constraint in the fit: the Earth—-Moon genesis at the rigid Roche limit at the giant-impact epoch (~4.5 Ga) and the Wells 1963
Devonian day count to 0.01%. The Sun and the Moon behind the eclipse tests are themselves assembled from the framework’s structure
— the apparent solar longitude with zero fitted solar constants, and a lunar theory in the form of Meeus Chapter 47 whose every constant
is derived, attributed or anchored by design, its periodic amplitudes reproduced from three-body gravity at 100.0 + 0.1%. On the climate
record the model commits to a finite line list: 28 orbital beats whose periods are its own modes and clock, with only the amplitudes
fitted per regime. Every significant LRO4 peak has a counterpart among them; the in-window fits (R? up to 0.780 on post-MPT LR04 and
0.692 on CenCO2PIP 0-66 Ma) are descriptions of the record, while the model’s own orbital histories predict 0.357 of post-MPT LR04
out of sample (T7, pre-registered); the 100,000-year band reads as one broad peak carried by the planets’ eccentricity beats rather than
direct Earth-eccentricity forcing, and a frequency-resolved decomposition gives a Charney sensitivity of 3.35 K, consistent with published
paleo-ECS reconstructions. The model makes three falsifiable deep-time predictions, each naming its falsifier; its inputs are kept in three
ledgers with no free parameter on the orbital or the precession side; BepiColombo (from 2027) provides the Mercury consistency check;
and all data, formulas and the 3D simulation are publicly available.

Keywords: celestial mechanics, precession, obliquity, eccentricity, Milankovitch cycles, orbital dynamics, lunisolar precession, invariable
plane, general relativity, BepiColombo, Mercury perihelion, paleoclimate, 100,000-year glacial cycle, Mid-Pleistocene Transition, climate
sensitivity, secular eigenfrequencies, Saturn—Jupiter resonance, Expanding Solar System Resonance Theory, tidal recession, paleo-day-
count, historical solar eclipses, historical lunar eclipses, a(f) climate-driven GIA correction, glacial isostatic adjustment, AT validation
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1. Introduction

1.1 The Missing Link

Modern astronomy describes planetary orbits with extraordi-
nary precision, yet three major frameworks operate in isola-
tion. Kepler’s laws describe orbital geometry. Milankovitch
theory describes Earth’s climate cycles through eccentricity,
obliquity, and precession. Laplace—Lagrange secular theory
describes long-term orbital perturbations and angular mo-
mentum exchange. No framework connects the timescales
of precession, the amplitudes of orbital inclinations and ec-
centricities, and the collective structure of the solar system
within a single mathematical description.

This disconnection leaves fundamental questions unan-
swered. Why does Earth’s obliquity oscillate at ~41k years?
Why does eccentricity vary quasi-periodically? How do the
planets’ secular modes enter Earth’s climate record, and how
do all of these change as Earth’s spin slows and the Moon
recedes? Each question has partial answers within its own
framework, but no unifying principle connects them.

1.2 Open Questions

Three long-standing problems motivate this work:

1. The 100,000-year problem: Geological records show a
dominant ~100,000-year glacial cycle, but Milankovitch
eccentricity provides only ~0.2% insolation change —
too weak without amplification mechanisms (Hays et al.,
1976; Muller & MacDonald, 1997a). The theoretically
dominant ~400,000-year eccentricity cycle is largely ab-
sent from climate records. This remains unsolved: Barker
et al. (2025) continue to debate the distinct roles of
precession, obliquity, and eccentricity, while the Mid-
Pleistocene Transition is described as “one of paleoclima-
tology’s great unsolved puzzles.”

2. No unified precession framework: Axial precession
(luni-solar torque), apsidal precession (planetary pertur-
bations), and obliquity variation (secular perturbations)
share gravitational origins but are modeled independently
(Capitaine et al., 2003; Laskar et al., 1993; Berger, 1988).

3. No single-formula predictions: Current models rely on
polynomial fits to numerical integrations, valid over lim-
ited time ranges. Vondrék et al. (2011) extended IAU 2006
precession to +£200,000 years — the state of the art. No
closed-form solution exists for the gravitational n-body
problem.

1.3 Approach: Bottom-Up from Observed Motion

Standard paleoclimate and secular celestial-mechanics anal-
ysis proceeds top-down: take the observed climate spectrum
(LRO4 peaks at ~100, ~41, ~23 kyr), construct beat frequen-
cies (k+gj, g&i— g, Si—5j, . ..) from Laplace-Lagrange secu-
lar eigenmodes, and select which beat explains which climate
peak by fitting amplitudes to the data. The eigenmodes them-
selves are mathematically rigorous — they are the eigenval-
ues of the secular perturbation matrix capturing gravitational
coupling between all eight planets — but the interpretive
overlay that maps a particular beat to a particular climate sig-
nal is climate-data-driven inference. Successive theoretical
refinements (Laplace’s Great Inequality, mode mixing, post-
Newtonian relativistic corrections, chaotic-diffusion mod-
elling (Laskar, 1989)) accumulate to reconcile predicted with

observed planetary motion. The open puzzles enumerated
above persist because no clean beat explanation matches the
empirically observed climate spectra.

The methodology of this work reverses this direc-
tion. We begin from directly observed orbital motion.
Earth’s principal precession periods are measured against
IAU/JPL/Horizons reference data and phase-anchored to the
1246 AD perihelion—solstice alignment of the AU mean ele-
ments (Meeus, 1998) (the model’s own orbital series crosses
two years later, 1247.2 AD — the mean-element and secular-
element conventions, labelled); the model’s clock is the mean
lunisolar precession period, 7, = 25,771.4 yr at J2000, de-
rived as the beat of its own sidereal and tropical year laws
(section 6 follows this clock into deep time on the composed
lunisolar rate; the variation is sub-percent within + a few Myr
of J2000 and grows to ~16% at the Devonian). The planets’
orbits are not fitted at all — positions and elements of date
come from the model’s own N-body integration, and the ver-
ification against JPL Horizons is given in subsection 1.4 be-
low. (Their published long-period descriptors — the perihe-
lion and node periods, the inclination and eccentricity — are
the same engine’s leading eigenfrequencies and elements of
date; section 8.) Only after the secular modes have been es-
tablished from motion alone are their beats overlaid onto the
climate record (subsection 5.4): the L1 orbital-forcing layer
of the canonical Climate Formula consists of 28 lines that are
the model’s own secular beats — the precession clock against
the apsidal modes, the clock against the nodal modes, the ap-
sidal modes against each other, and the 405.6-kyr metronome
with its harmonics — with every period fixed by the dy-
namics and only the per-line amplitudes a,, b, fitted against
LRO04 (Lisiecki & Raymo, 2005), CENOGRID (Westerhold
etal., 2020), EPICA Dome C CO, (Bereiter et al., 2015), and
CenCO2PIP CO, (CenCO2PIP Consortium, 2023).

The structural difference makes the framework falsifiable
in a way the classical framework is not. Standard secular the-
ory has a large and flexible set of available beat frequencies:
virtually any climate peak between ~10 kyr and ~500 kyr can
be reached by some combination of g; and s; eigenmodes
with k, so the spectral peaks themselves cannot disconfirm
the framework. The framework commits to a finite, physi-
cally named line list: the 28 L1 periods are the beats of its
own modes and clock, and a significant climate peak that is
none of them would falsify the orbital-forcing layer. The clo-
sure test (subsection 5.4) verifies exactly this — every signif-
icant LR0O4 peak has a counterpart among the model’s own
beats, with no orphan peaks between them.

1.4 A Holistic View of the Solar System

The starting point is one observed state and one derived
clock: the planets’ orbits come from the model’s own N-
body integration of a cited J2000 state, and Earth’s spin-side
periods are read against the mean lunisolar precession period
derived from its own year laws. Two of Earth’s precession
motions — axial and apsidal — rotate in opposite directions,
so their frequencies add; the ratio of their periods is a J2000
reading of two different clocks (subsection 2.2). The frame-
work explores the collective structure within a geocentric 3D
software simulation whose inputs are kept in three ledgers
(section 8) and which reproduces all major solar system
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movements: invariable plane orientation, inclination and per-
ihelion precession, eccentricity cycles, obliquity, and plane-
tary orbits. The Sun and Moon use circular geometry with
equation of center corrections; the seven planets are rendered
directly from the model’s own N-body integration through
a generated element chain (engine-extracted anchors, secular
modes and derived periodic terms), with no observation-fitted
corrections on that path and Mercury’s relativistic perihelion
advance emerging as a derived first-order post-Newtonian
term. Positions are verified against JPL Horizons and his-
torical transit/opposition reference data (1800-2100 AD),
achieving joint RA+Dec RMS within 0.012° for all nine tar-
gets (Sun, Moon, and seven planets) — the Sun at 1.03”,
Jupiter at 10.3” and Mars, the worst, at 35.7"” over 2000-
2099 (Sun, Moon, Venus, Jupiter, Uranus, Neptune).

The construction is counterfactually testable: perturbing
Jupiter’s GM by one percent and re-integrating the 1800—
2100 window shifts every planet’s apsidal rate — Mercury’s
response of +1.5""/cy equals one percent of Jupiter’s first-
order Laplace-Lagrange share of Mercury’s precession, and
Saturn’s window rate deepens its retrograde phase, as the
Great-Inequality dynamics requires — while the unperturbed
integration reproduces the shipped element chain’s window
rates to 0.02%. The same engine reproduces the inclination
of Earth’s orbit to the invariable plane of the La2010 solution
(Laskar et al., 2011) to 0.003° RMS over the last 500 kyr.

The methodology is empirical-first: orbital parameters
were measured from the simulation, exported to independent
analysis tools, and only then were analytical formulas iden-
tified from the numerical output. Two categories of results
emerged. First, a way to obtain obliquity, eccentricity, the
precession rates and the day and year lengths at any epoch,
all read against the one clock — as closed forms where
closed forms exist (the day-length and precession identities
are frame arithmetic and hold exactly at every epoch), and
otherwise as the engines’ output, since the obliquity is inte-
grated and the eccentricity is the N-body series rather than
any formula. Second, the deep-time evolution of that clock
under two measured expansions, with its rock-record tests.
The simulation serves as both discovery tool and independent
test bed: established results such as the invariable plane ori-
entation of Souami & Souchay (2012) can be verified within
the same framework. The simulation and full documentation
are publicly available (see Data Availability).

The model does not claim to replace n-body gravitational
theory. Rather, it proposes a geometric framework that cap-
tures regularities in the solar system’s dynamics not immedi-
ately visible in numerical integrations.

1.5 This Paper’s Contribution

The contribution is integration, and what integration
forces. The physics composed here is standard — Newto-
nian N-body integration, a first-order post-Newtonian cor-
rection, the averaged precession equation, tidal dissipation,
secular perturbation theory — and the component results re-
produce the established ones: the secular frequencies agree
with Laskar et al. (2004), the obliquity history tracks La2004,
Mercury’s excess advance is General Relativity’s. What is
new is that one seed and one codebase produce all of it to-
gether: Earth’s precession, obliquity, eccentricity and time-

keeping on one derived clock, the planets’ orbits on the

model’s own N-body chain, the eclipse geometry, the climate

formula’s line positions, and the clock’s evolution through
geological time. Because the chain is closed end to end, one
input constant can be perturbed and the whole system re-run

— which is what turns an integration into a source of testable

consequences, and those consequences, at geological time,

are the part of this paper that can be wrong.
The paper is organized in three parts:

e PartI (section 2—section 3): The model — the two engines
and the clock, the two clocks’ ratio as a reading, the phase
origin, the invariable plane and the planets on the chain

e Part II (section 4—section 7): Consequences for Earth —
observable Earth dynamics, the canonical Climate For-
mula and its empirical tests (including the per-line attri-
bution and the insolation null test), the deep-time evolu-
tion of the clock under the Expanding Solar System Res-
onance Theory (Earth-Moon genesis at the giant-impact
epoch, paleo-day-count validation against Wells 1963 De-
vonian corals, tidal-lock asymptote), and Mercury’s per-
ihelion with the derived relativistic supplement (and the
projection coincidence, tested and closed)

e Part III (section 8—section 11): Predictions and validation
— calibration transparency, three falsifiable deep-time pre-
dictions and three pre-registered legs (from the Expanding
Solar System Resonance Theory of section 6), and discus-
sion

Part I: The Model

2. The Model: One Seed and One Clock

2.1 One Solar System, Two Engines, Two Clocks

There is one solar system and one force. Gravity acts on two
different kinds of degrees of freedom with fundamentally dif-
ferent physics: where bodies go — the orbits, conservative
and nearly time-reversible (the secular g/s modes, the eccen-
tricity and inclination oscillations, the 405-kyr metronome)
— and how bodies spin and deform — rotation and tides,
dissipative (Earth’s tidal bulge drags, energy becomes heat,
the day lengthens, the Moon recedes, irreversibly). Dissi-
pation gives the second half an arrow of time the first does
not have, which is why the precession clock evolves at all.
The model computes each half with its own engine — the
lunisolar precession channel on its recession history for ro-
tation and tides, its own N-body integration for the orbits
— and they are not two theories of the same system but its
two halves. The coupling is one-way: the orbits force the
spin system (the planets set Earth’s eccentricity and inclina-
tion; the Sun and Moon torque Earth’s bulge), while Earth’s
spin state feeds nothing measurable back to the planets. Each
half carries its own expansion — Driver 1 on the dissipative
side, Driver 2 on the conservative side (section 6) — which
is what “Expanding Solar System” means in this framework.
Earth is the interface: the one body where both halves meet at
full strength, with a massive moon, a fast spin, and a climate
record that writes both halves into rock.

The composition of the two halves is what nature mea-
sures.  Earth’s physical axial-precession rate at age ¢
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composes engine quantities from both sides — y(f) =
[w®)/wol (ps + pL (am‘o/am(t))3), with w(?) and the lunar-
distance history a,,(¢) from the tidal side and the solar/lunar
torque split pg/p. (solar share 31.6% at J2000) from the or-
bital side:

Table 1: Earth’s axial-precession rate: the two engines composed
against the external readings. The model column is theory; Wu et
al’s rate is a cyclostratigraphic inference through an assumed astro-
nomical model; the IAU J2000 rate is the measured anchor.

Age Composed (arcsec/yr) External reading
J2000 50.2883 TAU: 50.29 (measured)
650 Ma 67.8 67.64 (Wu et al., 2024)
1400 Ma 86.6 —

2460 Ma 104.6 —

At J2000 the composed rate is the measured anchor —
that is where the clock is anchored. At 650 Ma the inde-
pendently inferred rate sides with the composition to 0.2%
— a number neither engine can produce alone: the orbital
engine knows nothing of Earth’s day length, and the spin his-
tory alone, without the lunar torque growing on the Moon’s
distance, does not reach it. The two-engine split is therefore
not a modelling convenience but the system’s own anatomy,
and the composed formula is the forward model for any joint
deep-time inversion (subsection 6.10).

2.2 Two Clocks: Frame Arithmetic and a Reading

The two periods are different kinds of quantity. The axial
precession period T, is the spin clock: the model’s derived
lunisolar precession period, which lengthens into deep time
on the composed solar and lunar torques — the rock-tested
first leg of the framework’s falsification criterion. The ap-
sidal period is observational: Earth’s perihelion motion is
a secular superposition that the planets make wander — the
framework’s own N-body engine puts its inertial rate within
0.3% of the J2000 apsidal period today but more than dou-
ble it ~20 kyr from now, and over +500 kyr the J2000 value
is not even the mode of the rate’s distribution. The ratio of
the two is therefore a J2000 reading of two different clocks
— 4.332 today, wandering between 1.08 and 9.81 — not a
gearing between two wheels of one machine; structurally the
spin clock moves ~10% per 380 Myr while the orbital clock
moves with Mg at ~0.003% over the same span. What holds
at every epoch is the addition identities’ form: the perihelion-
of-date rate is the equinox precession plus the inertial perihe-
lion motion (1/Tper; = 1/Tp + 1/T4ps), and the obliquity beat
likewise; what is epoch-local is where the addends land (sub-
section 2.1; the tests that settled this are recorded in doc 109
of the simulation repository).

2.3 The Phase Origin of the Correction Bases

The fitted correction bases measure their phase from J2000.
They were originally fitted against a single origin #y, set 14.5
perihelion-of-date beats before the 1246.03 AD perihelion—
solstice alignment of the IAU mean elements:

to = 1246.03 AD - 14.5 x 20,957.31 (1)

The beat count was the fitted choice — the configuration
under which the bases reproduce the J2000 values and the

current rates of change — and #, was a phase, not a date:
the perihelion-of-date period it is counted in is itself a func-
tion of epoch, so no calendar year is quoted for it. That
origin has since been rotated out of every fitted coefficient
exactly, by the phase constant 27d ¢y of each term, where
co = (2000 — 9)/H is the origin’s distance from J2000 in an-
chor units; no coefficient was refitted, every published quan-
tity is unchanged, and the beat count is no longer an input of
the model. The phase-zero reference for every cycle the de-
vice computes is J2000, as it is for the standard astronomical
epoch.

No calendar year is quoted for it, and none should be.
The expression multiplies a perihelion-of-date period that the
model’s own dynamics say wanders — between 11,303 and
26,698 years — by a device constant. Evaluated at the ends
of that range rather than at the J2000 reading, the implied
epoch moves across more than 200,000 years, so a six-figure
date would assert a precision the construction does not have
and an event that did not occur. Nothing in the sky is dis-
tinguished there: the obliquity and Earth’s orbital inclination
are derived quantities (subsection 4.1) with no special value
at that phase. What the device needs, and all it uses, is the
phase.

3. The Invariable Plane and the Planets
3.1 The Invariable Plane

The invariable plane — perpendicular to the solar sys-
tem’s total angular momentum vector, dominated by Jupiter
(~60%) and Saturn (~25%) — serves as the model’s spa-
tial reference. Unlike the ecliptic, which itself precesses, the
invariable plane is fixed in inertial space. When measured
against it, all planetary inclinations show smooth, predictable
oscillations (Table 2); Figure 1 shows the same orbits over
+1 Myr referred to the fixed J2000 ecliptic, where each curve
mixes the orbit’s own oscillation with Earth’s.

Table 2: Planetary inclination oscillations relative to the invariable
plane

Planet J2000 (°)  Mean (°) Ampl. (°)  Ecliptic period (yr)  ICRF period (yr)
Mercury 6.347  6.690391 +5.414244 23,199 —232,437
Venus 2.155 1.538475  +1.725597 -22,463 —174,997
Earth 1.579 1.48113 +0.63607 ~20,938 +111,635
Mars 1.631 4.205698 +3.368563 19,002 -72,335
Jupiter 0322 0.362449  +0.144018 23,760 —-304,456
Saturn 0.925 0.891489  +0.125937 —-16,502 —45,883
Uranus 0.995 1.019406  +0.142289 ~111,635 -330,515
Neptune 0.735 0.668880  +0.180752 25,464 -2,136,796

Periods are the J2000 readings of each planet’s perihelion motion
(negative = retrograde); the amplitudes and means are long-term
values against the invariable plane. Every column here is the
orbital engine’s (Ledger 1): the periods are the chain’s leading
secular eigenfrequencies, 1,296,000/g and 1,296,000/, and the
means and ranges are read from the banked series of the same
integration, not from a fitted inclination law. The planets’ positions
and elements of date come from that same chain and are gated
against JPL Horizons.

At J2000 Jupiter’s ICRF perihelion period and Saturn’s
ecliptic perihelion period read close to Earth’s nodal preces-
sion and obliquity-beat periods. The model records this as
a reading of its own chain, not as a law: Earth’s obliquity
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beat is the clock against its own orbit’s nodal mode s3, not a
planet-pair lock.

The chain’s nodes on the plane are compared against
Souami & Souchay (2012) in Table 3. Three node sets
are closed against one observation, JPL’s J2000 ecliptic in-
clination, through the spherical-triangle identity cosie =
cos ip €Os ig +sin ip sin ig cos(Qp —Qg). The published nodes
miss by tens of arcseconds to a few arcminutes. The closed-
form refinement solves Qp from that identity on the pub-
lished inclinations and Earth’s published node (the sign am-
biguity resolved toward the published value); it closes by
construction and supplies the simulation’s bodies that have
no chain. The chain’s own J2000 nodes, read from the inte-
grated elements on the banked plane with Earth’s own chain
node, close to a few arcseconds — the chain’s J2000 resid-
ual against the catalogue. The refinement and the chain are
different constructions and differ by up to a few degrees, be-
cause the chain carries the observed ecliptic node as well and
needs no sign rule.

Table 3: Ascending nodes on the invariable plane at J2000 (Souami
& Souchay longitude origin), each set closed against JPL’s J2000
ecliptic inclination

Planet S&S (°)  closure (") Closed-form (°)  closure (")  Chain (°)  closure (")
Mercury 32.22 -52.0 32.83 +0.2 3249 +1.6
Venus 52.31 -117.6 54.70 -0.1 51.49 +2.0
Earth 284.51  (reference) 284.51 (reference) 284.0401  (reference)
Mars 352.95 —159.1 354.87 <0.1 353.10 -54
Jupiter 306.92 —63.0 312.89 +0.1 313.59 -0.5
Saturn 122.27 =353 118.81 <0.1 120.39 -4.8
Uranus 308.44 +32.5 307.80 <0.1 308.62 +0.4
Neptune 189.28 +112.5 192.04 <0.1 191.35 -7.8

Closure: the identity run forward on that set, minus JPL’s J2000
ecliptic inclination. The closed-form set closes to the rounding of
its stored value; the chain’s closure uses the chain’s own Earth
node, which differs from the published value by the same
construction. Every entry is the registry’s, regenerated with the
model.

Inclination of all planets — to the J2000 ecliptic, 1,000,000 BC — 1,000,000 AD

— Mercury Venus  —— Mars  —— Jupiter — satum Uranus

JPL Horizons DE441 (dotted; shaded span ~9998...+9999)

6} ‘/ \‘ m",
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Figure 1: Orbital inclination of the seven planets to the fixed J2000
ecliptic, —1 to +1 Myr, from the model’s own N-body chain ele-
ments; JPL Horizons DE441 (Park et al., 2021) is overdrawn dotted
inside the shaded band spanning —9998 to +9999, where the two
are indistinguishable at this scale. Mars swings widest; Mercury’s
curve is dominated by its own nodal motion against Earth’s.

3.2 The Planets’ Spin Channel

Earth’s precession clock is composed from the solar and lu-
nar torques on the model’s own recession history (section 6).

The same question, asked of the seven planets, gives each its
own spin channel: the precession constant from the planet’s
own quadrupole and spin with its regular satellites folded in
the Ward—Hamilton form (Ward & Hamilton, 2004),

@

with J, at its source’s reference radius, A = C/MR?, w the
signed IAU rotation rate and the satellites’ masses and mean
orbits from the JPL ephemerides; n, a and e are the chain’s
J2000 elements. The spin then rides § = o (5 - 71)(§ X 71) on
the planet’s own orbit-plane history (its deep ¢ mode table,
the same construction as Earth’s obliquity hybrid), starting
from the IAU J2000 pole in the angular-momentum sense —
so the J2000 obliquity to the orbit is a derived angle, and its
agreement with the IAU tilt is the first check of every row.
The moment of inertia carries its epistemic class: where a
source inferred C/MR? from the measured precession rate
(Mars, Venus, Mercury), the channel’s rate is a closure of
that inference through the model’s own orbit; where C /MR?
comes from gravity-constrained interior models (Jupiter, Sat-
urn), the rate is a prediction; Uranus and Neptune carry the
interior-model class with nothing measured to close against.

Table 4: The planets’ spin channel at J2000 (registry values). A is
the input moment of inertia; a, the obliquity &y (pole against the
chain’s plane), the pole precession rate Yy = —a cos &y and its pe-
riod are derived; the band is the obliquity envelope over =1 Myr
on the planet’s own plane history. Venus and Uranus are read on
the angular-momentum axis (retrograde rotation), Neptune from its
mean pole.

Planet A a("fyr) & (°) o (" [yr) Period (yr) Band +1 Myr (°)
Mercury  0.346 834.677  0.034 Cassini-locked (149.5x the node rate) — —

Venus 0.337 44.671 177.362  44.624 29.043 177.23-178.52
Mars 0.3644 8.399 25.192 -7.600 170,532 13.12-34.56
Jupiter 0.26393  2.650 3.120 -2.646 489,843 2.59-3.93
Saturn 0.2181 0.862 26.731 -0.770 1,682,466 26.39-28.53
Uranus 0.225 0.0466 97.770 0.0063 205,646,752 95.82-98.04
Neptune  0.23 0.0139 27.848 -0.0123 105,623,757  26.47-28.02

The closures and the tests, all against the engine’s own
numbers: Mars’s derived pole rate against the measured
—7.606" /yr (Konopliv et al., 2016) reads -0.08%; Venus’s
against the measured 44.58 + 3.3"”/yr (Margot et al., 2021)
reads 0.10%; Jupiter’s « sits 0.4% from the low end of the
2.64-3.17” /yr range of Saillenfest et al. (2020); Saturn’s de-
rived pole rate lands 11.4% above the engine’s own sg line
at the gravity-constrained moment, and inside the Ward-
Hamilton libration band (4 = 0.2257-0.2438, their inference
from the capture) within 7% — the lock that fixed their mo-
ment of inertia is reproduced on our own line; Mercury’s free
constant is 149.5x its node rate, the Cassini lock (Margot
et al., 2007) stated from the model’s own numbers. A band,
not a cycle: on the quasi-periodic mode tables Mars reads the
Laskar—Robutel class as an envelope, the giants stay within
a few degrees, and no “obliquity cycle” is claimed for any
planet.
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Part II: Consequences for Earth

4. Observable Consequences for Earth

The two engines produce specific, testable consequences for
Earth. Each of Earth’s known precession phenomena is read
against the one clock.

4.1 Obliquity

Obliquity is the angle between two directions that both move:
Earth’s spin axis, precessing under the lunisolar torque at the
composed rate y(¢), and Earth’s orbit normal, turning on the
invariable plane under the planets’ perturbations (the nodal
modes, s3 dominant). The model derives the obliquity history
by integrating the single averaged precession equation

%za(&ﬁ)(ﬁxﬁ), 3)
with § the spin axis, 7(¢) the orbit normal read from the
model’s own N-body secular modes (the same +10-Myr run
behind the deep-time metronome), and exactly one anchor:
the model’s J2000 precession rate, itself the beat of its de-
rived year laws. Nothing is fitted to the obliquity record.
The obliquity rate at J2000 comes out at —48.00"/cy (IAU:
—46.84"/cy), the precession constant at 54.811”/yr, and the
dominant period is the beat of the precession rate against the
nodal mode, 27/(¢ — |s3]) = ~41,098 years — the observed
~41-kyr Milankovitch obliquity cycle. Against La2004 this
bare derivation reads 50" rms over the last 13 kyr; the pub-
lished obliquity, which multiplies the precession rate by the
solar torque at the eccentricity of date and by the ice-age
oblateness J»(1)/ J2o (both exactly 1 at J2000), tracks La2004
to 1.2” rms over the last 100 kyr and 13.5” rms over the
last million years. Figure 2 shows the comparison, where
Chapront’s polynomial extrapolation diverges. The oblig-
uity is not decomposed into separate “axial” and “inclina-
tion” components: both motions enter Equation 3, and the
amplitude of the oscillation is whatever the integration gives.

Table 5: Obliquity: model vs. standard theory

Year Model La2004 (Laskar et al., 2004) ~ Chapront et al. 2002  Diff.
2000 AD 23.4393°  23.4393° — 0
10,000 BC  24.1589°  24.1592° 24.3053° ~0.37°
10,000 AD  22.6535°  22.6534° 22.6370° ~0.04°

The same beat in the standard decomposition. Berger
(1978) decomposed obliquity into 47 Fourier terms. The
dominant term sits at the frequency s3 + k (period
~41,000 years) with amplitude 0.684°; the next is only a
third as strong. Physically, s3 is the eigenmode most strongly
associated with Earth’s orbital plane (precessing retrograde)
and £ is the axial precession rate (prograde); their beat is the
same 27/(ys — |s3|) the model produces natively — k its com-
posed precession rate, s3 read from its own N-body modes —
and the derived obliquity carries that amplitude by tracking
La2004, not as a fitted number.

Earth’s orbital inclination to the invariable plane is a sepa-
rate quantity: 1.57869° at J2000 (Souami & Souchay, 2012),
turning on the nodal modes (s3, ~68,751 years) as the other

Obliquity Cycles

— This model (one-source) —— Berger (1978)  —— La2004 (Laskar)

23439200

3 :
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Figure 2: Obliquity predictions compared: this model (blue) ver-
sus La2004 (Laskar et al., 2004) (red) and Chapront et al. (2002)
(green). Chapront’s polynomial extrapolation diverges to unphysi-
cal values (20°-28°), while the model predicts bounded oscillation
within 22.21°-24.72°.

planets perturb the orbit. It is one of the two motions the
obliquity depends on, not a component of it; the reference
simulator compares its history against La2010a (Laskar et al.,
2011) and the JPL Horizons elements.

4.2 Eccentricity: The N-Body Series

The model’s eccentricity is its N-body series on every path
— Earth’s eccentricity vector integrated from the one J2000
seed (Ledger 1, section 8). It carries the ~95/~125-kyr
beats and the g, — g5 metronome of the secular solutions
at 405.6 kyr (La2004: 405.7; the rock record: 405.6), with
the 123.8- and 94.9-kyr companions present and correctly
ranked, and it follows the La2004-class deep minimum. The
published value and the solar equation of centre behind the
eclipse and cardinal-point instants (subsection 8.8) read the
banked series; the lunar theory’s eccentricity channel (sub-
section 8.9) reads the same integration’s +=10-Myr mode ta-
ble in anchored form, agreeing with the series within 4 x 1073
across the historical era; no lattice ingredient enters Earth’s
orbit. The perihelion-of-date beat of the two counter-rotating
motions governs where the perihelion points, not how ellipti-
cal the orbit is. Current eccentricity: 0.01671022 (J2000, the
IAU mean element); the series’ secular element at J2000 is
0.01670244. The observed rate, —4.2037¢—5/cy, is the J2000
anchor of the deep-time channel’s slope (subsection 2.2).

Eccentricity (Earth) — 250,000 BC - 100,000 AD

—— Thismodel  —— Berger (1978)  —— La2004 (Laskar)

2000; 001670244

50000 AD

000

250000 5C 200,000 6 150,000 6 100,000 8¢ 50000 8¢ o 100,000 AD

Years (BC / AD)

Figure 3: Eccentricity over —250,000 to +100,000 years: the
model’s N-body series (blue) against Berger (1978) (green) and
La2004 (Laskar et al., 2004) (purple, coinciding with the model at
the scale of the plot), with the observed J2000 value marked. The-
ory against theory: three integrations of the same secular system.
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Figure 3 plots the series against Berger (1978) and La2004
over the window where all three are defined. At deep time
the eccentricity band rides the measured solar-mass history
(section 6).

4.3 Longitude of Perihelion

The longitude of perihelion advances through all 360° once
per ~20,938-year cycle, currently at 102.947° (J2000). Com-
parison with Meeus (1998) shows close agreement for
+3,000 years (—0.021° at 1000 AD, —0.009° at 2500 AD,
model minus Meeus); beyond this range the predictions di-
verge (Figure 4).

Longitude Perihelion Comparison
— Thismoe nasource)  —— Meous (1991)  — La2004 Lasker)

000

Years (8C /AD)

Figure 4: Longitude of perihelion: this model (blue) versus Meeus
(1998) polynomial (red). Close agreement for +3,000 years around
J2000.

The three periods together. Figure 5 plots the axial,
perihelion-of-date and apsidal periods on one logarithmic
axis against three independent reference solutions. The clock
is the flat one. The apsidal period is not: it diverges wherever
the apsidal rate passes through zero — near ~27,000 AD in
the forward direction — which is why it is published as a
J2000 reading rather than as a cycle length (subsection 2.2),
and why the anomalistic year spikes at the same epoch.

All Precession Periods — 250,000 BC — 100,000 AD
= Perihelion precession (of date, vs the equinox) === La2004 (Laskar) — 360°/(dw/dt), @ of date
—— Axial precession (retrograde) ===+ Vondrak (2011) — p_Arate, inside its 200 kyr validity
—— Apsidal precession (vs the ecliptic) ===+ La2010 (Laskar) — 360°/(dw/dt), invariable-plane frame
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Figure 5: The three precession periods on a logarithmic axis,
—250,000 to +100,000 years, each against an independent refer-
ence: axial precession (blue) against Vondrédk et al. (2011), drawn
only inside its stated +200 kyr validity; the perihelion of date (or-
ange) against La2004 (Laskar et al., 2004); and the apsidal motion
against the ecliptic (green) against La2010 (Laskar et al., 2011) in
the invariable-plane frame. The references are dashed and track
the model throughout. The axial period holds a narrow band near
~25,771 yr while the apsidal period ranges over an order of magni-
tude and runs away where its rate crosses zero.

4.4 Length of Day and Timekeeping

Standard theory attributes Earth’s rotational slowing to lu-
nar tidal friction (~2.3 ms/century) (Stephenson et al., 2016),
predicting monotonic increase in LOD. The model pro-
poses an additional millennial-scale cyclic modulation of the
growth rate superimposed on the secular trend (Table 6):
LOD itself only grows — the secular baseline (+1.77 ms/cy)
is modulated, never overcome. The composite 6LOD of the
four cyclical AT harmonics (Table 7) is currently in a de-
scending phase (all-cycles rate —1.42 ms/cy at J2000, ob-
servable total +0.26 ms/cy), reaching its next trough (maxi-
mum below-baseline excursion) near ~2, 228 AD and its next
peak near ~2, 752 AD, with successive extrema following the
Bond/Hallstatt/Jose beat structure at a few-millisecond am-
plitude. This millennial oscillation rides on top of the Driver-
1 monotonic tidal LOD growth that governs deep-time evolu-
tion (section 6, subsection 6.2); the two effects act on differ-
ent timescales — the cyclical variation is milliseconds over
millennia, while Driver 1 accumulates to several hours across
the Phanerozoic. Short-term fluctuations are superimposed
on both. Earth unexpectedly began rotating faster in 2020;
July 5, 2024 set the all-time record for the shortest day since
atomic-clock timekeeping began (1.66 ms under 24 hours)
— qualitatively consistent with the model’s prediction that
LOD’s growth rate is cyclically modulated.

The framework distinguishes two mean-LOD values at
any epoch (Table 6). The kinematic baseline LOD,ye,, fol-
lows from the axial-precession identity that relates the side-
real year in seconds (J2000 anchor) to the framework’s kine-
matic sidereal year in days (Ysaxin = Yuop X Tp/(T, — 1),
with T, the precession period in tropical years). The physi-
cal value LOD,, is the Layer 4 composite: it adds a nodal-
precession correction (the ecliptic’s own slow precession, pe-
riod Thog = ~068,751 yr), the calibrated cyclic AT stack
(Bond/Hallstatt/Jose5/Jose4), and the Core-mantle swing so
that at J2000 the composite exactly matches the USNO Earth
Orientation Center anchor:

LODyean z
LODreal = LODmean +t =+ 6LOD,i(t)
nod £ trop
— —_— ¥
raw nodal kinematic AT cycles

= 86, 400.001880 s at J2000

where the raw nodal-precession term contributes +3.441 ms
and the calibrated cyclic stack contributes a net —1.67 ms
at J2000 to close the composite onto the USNO anchor
(86,400.0022 s) by construction of the joint-optimum fit
against Espenak history (RMS ~ 14.1 s across 20 reference
years 1650-2017).

Physically the nodal term represents Earth’s need to ro-
tate slightly more per solar day to compensate for the eclip-
tic’s slow precession in ICRF over the nodal-precession pe-
riod (Thoqa = ~68,751 yr); the mean solar day is measured
against the Sun, whose apparent motion follows the ecliptic.
Over one solar day the ecliptic advances by 1/ (TnodYtrop) ~
4.08 x 1078 revolutions, requiring +3.441 ms of extra Earth
rotation. The axial precession is already implicit in LODyyeqp
via the T7,/(T, — 1) factor (over T, tropical years the side-
real frame counts one year fewer, the axial-precession contri-
bution); an additional axial correction would double-count.
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The other long periods do not enter this frame (the inclina-
tion precession is an invariable-plane-frame effect, not the
solar-day frame; the obliquity oscillation time-averages to
zero; the perihelion motion enters the anomalistic year, not
the tropical-day count) — only the nodal precession gives
the correct reference frame for the Sun’s apparent motion.
Both LODyean and LODyy evolve slowly with the clock un-
der Driver 1 (section 6).

Table 6: Length of Day: kinematic and physical mean values at
J2000 anchor (mean values rescale at geological time per section 6).
The published day keys are the SI day of exactly 86,400 s (the IAU
inputs) and LOD,, of J2000 (the simulator readout); LOD e,y is the
internal identity basis. LODy, is the Layer 4 composite of (4) —
LODean plus the raw nodal kinematic correction plus the calibrated
cyclic AT stack and Core-mantle swing — and matches the USNO
joint-optimum anchor exactly by construction of the fit against Es-
penak history.

Model value Reference

y 86,399.9996765  —

les)  86,400.003548 5 (raw nodal physics only)
86,400.001880's  86,400.0022 5 (USNC
86,164.092407 5 86,164.090531 5 (A
86,164.100782 5 86.164.098904 s (IAU 20004, o

Y the day’s excess, 1.88 ms)

86,400-s day)

The two mean-LOD conventions serve different purposes
internally: LODyye,, enters all sidereal-to-tropical conver-
sions and the calibrated AT stack’s integrand (which is jointly
fit against Stephenson et al. (2016)/Espenak residuals assum-
ing that baseline); the raw nodal kinematic intermediate un-
derlies the pure-nodal-physics AT prediction shown as the
calibrated stack’s baseline (the “V curve” near J2000); and
LOD;., is the Layer 4 composite (raw nodal kinematic + cal-
ibrated cyclic stack + Core-mantle swing) used for the phys-
ical LOD readout and the USNO comparison above.

The four cyclical AT harmonics. The calibrated AT stack
decomposes into four harmonics at fixed periods, each with
an independent physical anchor established in the paleocli-
mate or solar-activity literature (Table 7). The four periods
are fixed divisors of the correction bases’ anchor unit — the
frozen era clock’s own counters, shipped with their coeffi-
cients as a matched pair — not fitted. The four amplitudes
and phases are calibrated in one joint solve — together with
the Core-mantle swing episode described below — against
the Stephenson et al. (2016) residual, with the day basis and
the trend anchor subsequently swept against the Espenak &
Meeus (2006) polynomial (1650-2017), and with the com-
posite Layer-4 LOD pinned to the USNO Earth Orientation
Center anchor at J2000 as a hard equality constraint; RMS
~ 14.1 s across 20 reference years. Their joint appearance
in the AT residual — after subtracting the pure-tidal trend
— is the framework’s central testable claim about the millen-
nial cycle, and the four-harmonic configuration is the optimal
one: removing any harmonic degrades both the in-sample
closure (Espenak RMS rises from 14.1 s to 26-35 s) and out-
of-sample prediction of an era withheld from the fit (predict-
ing —720 to 0 CE from post-CE data alone: 85 s RMS with
all four, against 94-307 s for any reduced set and a 223 s
no-correction baseline).

Two limits must be stated alongside that result. First, no
individual harmonic is significant on its own: each sits be-
low its own permutation threshold in the AT record, so the

four carry the residual collectively rather than severally. Sec-
ond, the identification of these periods with the named cli-
mate and solar-activity cycles they are numerically close
to is not established; the null tests behind that statement are
reported once, with the IRD comparison, in subsection 8.11.
The harmonics are therefore justified here as AT correction
terms on fixed periods — which is what they were calibrated
against and what they demonstrably close — and not as de-
tections of the named cycles.

Table 7: The four cyclical AT harmonics that generate the millen-
nial LOD variation on top of the pure-tidal trend. Each period is
a fixed divisor of the correction bases’ anchor unit (the frozen era
clock’s counters); each has an independent paleoclimate or solar-
activity anchor. Amplitudes and phases are calibrated, jointly with
the Core-mantle swing episode, against Espenak 1650-2017 history
under the hard USNO LOD closure.

Period (yr) _Ing

etal. (2001) ~1470-yr N-Atlantc IRD cycle, though phase testing does not establish the two as the same signal

1,466
2430 Hallstat solar-activity cyele (~2400 yr, cosmogenic-isotope reconstructions)

897

716 4 Char

The fifth component: the Core-mantle swing. On top of
the four periodic harmonics, the joint solve fits one ape-
riodic episode: a damped oscillation of the core’s eigen-
mode (Ty ~ 3,916 yr, Q = 1.8 — inside the published ax-
isymmetric Magneto-Coriolis eigenmode range) driven at the
bond-hallstatt difference tone (~3,695 yr), excited around
1600 BC and actively terminated around 1600 AD, with
displacement-continuous (impulse-consistent) kicks. Phys-
ically this is the documented millennial core—mantle length-
of-day fluctuation — the ~1,500-yr oscillation of Stephen-
son et al. (2016), mechanistically modelled by Dumberry
& Bloxham (2006) as core-mantle angular-momentum ex-
change — so, unlike the four climate-mediated harmonics,
its amplitude is core-supplied rather than ice-mass-mediated.
It contributes dLOD/dt|sying = —0.09 ms/cy at J2000 and is
the framework’s fourth dLOD/dt driver alongside tidal, GIA,
and the cyclic stack.

The AT trend anchor. The framework’s AT trend anchor
at J2000 is ATenq(J2000) = 55.64 s, distinct from the
IERS-observed instantaneous value AT =~ 63.63 s. The
~8-second offset is definitional, not disagreement: the ob-
served instantaneous value includes decadal-scale non-tidal
residuals (atmospheric angular-momentum transfer, mantle-
core coupling, ENSO) that vary on year-to-year timescales;
the trend value is the noiseless mid-line of the calibrated
model. Numerically deltaTStart is selected together with
the USNO LOD anchor value (86,400.0022 s) by joint-
Optimum sweep minimiZing Zy(ATmodel(y) - A]-‘Espenak(y))2
across the same 20 reference years 1650-2017 that constrain
the four cyclical harmonics above. Readers cross-checking
values against IERS AT tables should expect the ~8-second
trend/instantaneous offset by construction.

Decomposing JLOD/dt at J2000. The composite LOD’s
total time-derivative decomposes into a monotonic secu-
lar piece and a millennial-cyclic piece. The secular piece
splits further into the pure-tidal trend and the L1-orbital-
coupled a(f) GIA correction: dLOD/dt|jgy = +2.12 ms/cy
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(Farhat pure-tidal) and dLOD/dt|gia = —0.35 ms/cy (GIA
via a(f); Cox & Chao (2002) J, anchored), summing to a
net secular dLOD/dt|secular = +1.77 ms/cy. The four cycli-
cal AT harmonics of Table 7 contribute dLOD/df|cycles =
—1.42 ms/cy at J2000 (currently in a descending phase
of the composite cycle) and the Core-mantle swing adds
dLOD/dt|swing = —0.09 ms/cy, so the observed total is
dLOD/dtgn = +0.26 ms/cy at J2000. All channel contribu-
tions carry zero free parameters relative to the framework’s
shipped physics: tidal from the recession history; GIA from
independent satellite gravimetry J>; cycles and swing cali-
brated jointly on the Stephenson et al. (2016) residual under
the hard USNO closure, with the day basis and trend anchor
then swept against Espenak & Meeus (2006). Figure 6 shows
the resulting trend against that reference.

AT (TT - UT1) — Recent (1650-2050)
— This model (T trend)

—— Espenak & Meeus (NASA Canon)
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Figure 6: The framework’s AT trend curve 1650-2050 (blue) over-
laid on the Espenak & Meeus (2006) polynomial (grey). The pure-
tidal trend plus the four cyclical harmonics of Table 7 and the Core-
mantle swing episode, anchored at ATnq(J2000) = 55.64 s, repro-
duces the characteristic V-shape with its minimum near ~1900 AD.
No polynomial is fitted to AT the trend is pure-tidal and takes no
AT input, and the stack’s four harmonics sit on periods fixed be-
fore the solve. Their amplitudes and phases are calibrated against
the Stephenson et al. (2016) residual, after which two scalars —
the USNO mean-day basis and the AT trend anchor — are selected
by sweeping against the Espenak & Meeus (2006) polynomial (sec-
tion 8). The =~ 14.1 s RMS quoted against Espenak & Meeus (2006)
over 20 reference years 1650-2017 is therefore not an out-of-sample
score: that reference enters the selection. The V-shape itself follows
from the pure-tidal trend rather than from the calibration; the mini-
mum’s precise location does not.

Mitchell & Kirscher (2023) demonstrated that Earth’s day
length stalled at approximately 19 hours for roughly 1 billion
years during the mid-Proterozoic, likely due to atmospheric
thermal tides balancing lunar tidal deceleration (Bartlett &
Stevenson, 2016). This proves that LOD dynamics are more
complex than simple tidal deceleration and that additional
mechanisms can influence Earth’s rotation over geological
timescales.

The model’s AT formula — derived from the same lunar-
distance evolution that governs LOD on deep-time scales
(subsection 6.2), together with an L1-orbital-coupled a(t)
GIA correction anchored on independent satellite gravime-
try (Cox & Chao (2002)) and tied to the L1 orbital layer
of the Climate Formula (subsection 5.4) — is tested against
the historical eclipse record on two complementary tracks,
the solar alignment audit of subsection 8.10 and the lunar
timing test of subsection 8.11. Together the two tests re-

ject the full Munk-MacDonald-scale (~5-6 ms/century) non-
tidal speedup and confirm a smaller GIA-scale contribu-
tion carried by «(¢); a residual fractional non-tidal chan-
nel (~0.5 ms/century window-average, ~10% of Munk-
MacDonald) in the medieval-era residual is carried by the
Core-mantle swing episode introduced above.

4.5 Obliquity & Eccentricity Define Lengths of Days &
Years

Year lengths in days and the length of day in SI seconds fol-
low closed-form Fourier harmonic series anchored to a single
input constant (Yyop = 365.2422 days). All three year types
share the same form:

YO =T+ Z[s,- sin(ZT’:t) +¢ cos(%’)] (5)

with periods T; on the fixed divisors of the correction bases’
anchor unit. The tropical year uses 12 harmonics (dom-
inant: the obliquity beat), the sidereal year uses 5 (dom-
inant: the obliquity beat and the apsidal period), and the
anomalistic year uses 8 (dominant: the beat between obliq-
uity and inclination). The means are derived: Ylmp from
the input constant, then Y9 = Yyop X T,/(T, — 1) and
Yanom = Yirop X Tperi/(Tperi — 1), with T, and Teyi the axial-
precession and perihelion-of-date periods in tropical years.
Length of Day follows from the sidereal year being held at
its J2000-anchor value of 31, 558, 149.76 seconds:

_31,558,149.76

Yoa(days) ©

The harmonic system reproduces the model’s year-length
output to RMS ~0.03 seconds on the tropical year and ma-
chine precision on the sidereal and anomalistic years.

The two formulas reveal a clean separation of roles. The
tropical year is almost entirely determined by the obliquity
beat (T ~ ~41,098 yr), while eccentricity has negligible
effect. Conversely, the sidereal year in days is determined
by eccentricity: the sidereal year in seconds is held at its
J2000-anchor value of 31,558, 149.76 s within this section’s
modern-era scope (Earth’s orbital period relative to fixed
stars; at deep time this value drifts via solar mass loss through
Kepler’s third law — see section 6), but changing eccentric-
ity changes the day length, which changes how many days
fit into that J2000 number of seconds. The day length varies
by ~0.7 ms peak-to-peak over the ~20,938-year perihelion
cycle. Additionally, tropical years measured at different car-
dinal points differ by up to ~91 seconds due to eccentricity
effects (from —46 s at the summer solstice to +45 s at the
winter solstice at the current epoch), with the pattern rotating
through the seasons over the perihelion cycle.

4.6 The Cardinal-Point Braid Law

The per-point year-length differences above are not four inde-
pendent phenomena. Writing the event-time offset of cardi-
nal point X from the mean tropical year as dy (with ),y dx =
0 by construction), the model requires

Sx(t) = Tm| e W, ()|,

@)
Ass, Aag, Aws, Avg = 0°,90°,180°,270°
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— one complex function per order n, read through four fixed
rotations. W (¥) is Earth’s perihelion vector of the perihelion-
of-date cycle as seen in event time (the equation-of-centre
braid, with e(r) the N-body series). The law is verified at
three independent levels against the model’s full 335,318-row
event catalogue spanning one anchor interval:

1. Carrier (order 1): the four independently fitted e sin M
terms sit in 90° quadrature with equal amplitudes to 0.08°
/ 0.29% spread — a property the fit does not enforce, so
additional fitting freedom cannot fake it.

. Order 2: the ¢?sin 2M terms repeat the pattern at phase
21x (pairwise: solstices against equinoxes).

. The modulation spectrum: the residual mid-band con-
tent (the anchor unit’s divisors 20-37) is captured by 52
coefficients shared across all four points — zero per-point
freedom — reducing the residual from ~1.2—1.7 to 0.28—
0.37 min over +270 kyr, with held-out rows reproducing
the in-sample statistics exactly.

. The symmetry test: the law requires the four
points to be statistically identical, and they are —
0.28/0.28/0.36/0.37 min. An earlier 2X excess at
one point traced to the fit basis, not the physics: its
historically-frozen sinusoid set lacked one divisor, at
which its residual carried a coherent 73-s line. Sym-
metrizing the basis (one identical divisor set for all four
points) equalized the residuals and tightened the carrier
quadrature from 0.22° to 0.08°.

The sign experiment. What elevates level 3 above a
goodness-of-fit statistic is a discrete, falsifiable require-
ment: because the carrier is ¢/x~%) the model requires
the seasonal-asymmetry spectrum to be quadrature-locked
counter-rotating — sidebands must carry point-phase +nly
against time-phase —6,. Both rotation senses were fitted with
identical freedom. The counter-rotating lock captures the
residual; the co-rotating lock captures nothing (RMSE un-
changed to three digits). A wrong geometry would fail both
senses; an over-flexible basis would pass both. Exactly one
sense passing is structure detection: Earth’s seasonal asym-
metries — from the ~91-second per-point spread at J2000
down to the sub-minute sideband comb — are a single rotat-
ing geometric object, the perihelion vector, with no per-point
physics anywhere in the description.

Forward prediction. The law fixes the differential drift
rates of the four per-point tropical years with zero per-point
freedom: at J2000, relative to the common mean, SS +0.4,
WS —-0.4, VE +1.5, AE —1.6 s/century — two near-opposite
pairs summing to zero, the quadrature structure expressed in
rates. Century-scale precision timing of equinoxes and sol-
stices must reproduce this pattern, and any high-precision
decomposition of cardinal-point timing residuals must place
the fine structure in the counter-rotating sideband only; a co-
herent co-rotating component at measurable amplitude would
falsify the one-vector geometry.

4.7 The Coin Rotation Paradox

The model reveals structural relationships between different
measures of days and years (Table 8).
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Table 8: Types of days and years. All values are J2000-anchor
snapshots; under section 6 the SI-second values drift via Driver 2
(solar mass loss — Kepler) and the day counts drift via Driver 1
(Earth-Moon tidal evolution).

Type Reference Duration
Solar day Sun’s apparent position ~86,400 s
Sidereal day Precessing equinox ~86,164.09 s
Stellar day Fixed stars (ICRF) ~86,164.10 s
Solar year Equinox to equinox ~365.2422 d

31,558,149.76 s
~365.2596324 d

Fixed stars
Perihelion to perihelion

Sidereal year
Anomalistic year

The difference between stellar and sidereal day, and be-
tween sidereal and solar year, are direct consequences of ax-
ial precession. Two related but distinct quantities appear be-
low. The counting identities use 9.13 ms/sidereal day, the
precession rate p measured along the ecliptic (precession in
longitude), which is the frame the precession clock is defined
in. This is the difference between the sidereal day and the
ecliptic sidereal day (86,164.099768 s), the ecliptic-frame
counterpart to the stellar day. The physical stellar—sidereal
day offset is smaller, 8.37 ms, because it is the same pre-
cession projected onto the equator by cos e (precession in
right ascension, m = pcose¢), which is what a meridian
clock measures directly; with that projection the framework’s
stellar—sidereal gap is 8.37 ms, matching the gap between the
two IAU constants to within 0.01 ms — the gap is the same
on any solar day, which is why it, and not the day length, is
the observable here (the day lengths themselves depend on
the day basis, Table 6). Substituting the equatorial figure into
the identity below would give 0.917 sidereal days per cycle
rather than exactly one — because the identity is written in
ecliptic longitude, not equatorial time. Both p and m are in
the IAU precession model; the ecliptic sidereal day is not di-
rectly meridian-observable (clocks project onto the equator
by construction) but is fully determined by observed quanti-
ties: given the measured equator-projected offset 8.37 ms/day
and the observed obliquity € = 23.4393°, the ecliptic-frame
rate follows as 8.37/cose = 9.13 ms/day. The precession
rate wanders: the model’s J2000 reading of the mean luniso-
lar period is ~25,771 years!, while the IAU 2006 instanta-
neous period is ~25,771 years. Using mean values, each
difference accumulates to exactly one fewer unit per cycle
(J2000-anchor arithmetic — the identities below hold at ev-
ery epoch; the literal SI-second and day counts rescale with
the clock per section 6):

Day level:

9.13 ms/sid. day x 366.25 sid. days/yr x ~25,771 yr
~ 86,164 s = 1 sidereal day (8)

Year level:

1,223.49 s/yr (mean solar—sidereal year diff.)

X ~25,771 yr = 31,558,150 s = 1 sidereal year (9)

125,771 yr is the J2000-anchor mean. The literal year value lengthens
smoothly at geological time on the composed lunisolar rate (Devonian 7', ~
21,699 yr, section 6).
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The coin rotation paradox (a coin rolling around an iden-
tical coin makes 2 rotations, not 1) manifests at these two
scales (the +1/—1 structural identities below are invariant at
any epoch under section 6; the literal day counts evaluated
here are J2000 snapshots — e.g. Devonian had ~400 d/yr, so
the literal "365.25" rescales while the "+1 extra rotation" rule
survives):

e Daily: 366.25 sidereal days = 365.25 solar days per year
(one extra stellar rotation from orbital motion)

e Yearly: 25,770 sidereal years = ~25,771 solar years per
axial precession cycle (one fewer sidereal year from the
precession orbit)

This self-consistency check links the model’s precession pe-

riod to its day/year length formulas at the J2000 anchor; un-

der section 6 the equality of the structural identities is what
is preserved across epochs, not the literal numerical year/day
values.

4.8 Milankovitch Beat Frequency Structure

The five Milankovitch-type cycles — apsidal precession,
nodal regression, obliquity, axial precession, and perihelion
precession — are not independent. Standard orbital mechan-
ics derives two as beat frequencies of the others (Vervoort
et al., 2022). In the model all five are readings against the
one clock, and the beat relationships are frame arithmetic that
holds at every epoch:

Table 9: Milankovitch beat frequencies as frame arithmetic. The
identities hold at any epoch; the literal periods are J2000 readings
that lengthen with the clock per section 6. Two precession rates en-
ter: the obliquity and nodal rows take f.xia as the spin axis’s inertial
rate (period 25,722 yr, +0.097”/yr above the general precession),
while the perihelion row, a rate along the ecliptic of date, takes the
general precession T, = ~25,771 yr.

Physical equation J2000 periods (yr)

1/~41,098 = 1/25,722 — 1/~68,751
1/~20,938 = 1/~25,771 + 1/~111,635
1/~68,751 = 1/25,722 — 1/~41,098

fobliquily = faxia] - fnodal
fperihelion = ﬁixiul + fupsidal
.fnudal = f;\xial - ﬁ)bliquity

All five standard Milankovitch periods are reproduced
from the clock and the chain’s apsidal and nodal modes;
where the addends land is the epoch-local configuration of
subsection 2.2.

Eigenfrequency convergence. The model’s nodal period
and obliquity period are read from its own N-body integration
— the dominant nodal mode s3 of Earth’s orbit from a 20-
Myr run seeded by one cited J2000 state, and the obliquity
history integrated on it — with no use of Laskar’s numerical
secular theory or of the LR04 spectrum. A dated record does
not see the J2000 beat 27/(ri, — |s3]) = ~41,098 yr but the
beat of the pole rate’s mean over the record’s window: the
spin turned faster in the past, the mean obliquity was lower
and the mean eccentricity higher, so over the LR04 record
the pole rate averages 50.517"” /yr against 50.385 at J2000 and
the realized period reads ~40, 927 yr. Fitting each obliquity
history over that window with the full line set p + s; and one
free p, like for like, the two integrations converge:

11

Table 10: The model’s own nodal mode and realized obliquity pe-
riod (own N-body modes + derived clock, the obliquity history fit-
ted over 0-5.32 Ma) against Laskar’s numerical secular theory on
the same fit

Quantity This work Laskar (2004)
Earth’s nodal precession ~68,751 yr  |s3] = 68,750 yr
Obliquity period, realized over 0-5.32Ma  ~40,919 yr  ~40,900 yr

The two agree to better than 0.01% on the nodal mode and
to +0.05% on the realized obliquity period, and the empiri-
cal LR04 obliquity peak (40,950 yr from a fine-grid spectral
sweep) lands within one Rayleigh element of both. (Laskar’s
precession frequency, 50.476”/yr, is a long-window fre-
quency of his solution, not a J2000 rate; a J2000 beat must
not be compared with it.) The apsidal period ~111,635 yr
likewise sits within 0.6% of the total apsidal rate of the sec-
ular solutions (~112,000 yr). This is convergence, not cali-
bration: neither method consults the other.

5. The Canonical Climate Formula: Gravita-
tional Coupling on the Model’s Own Beats

5.1 Summary

The L1 layer of 28 physical beat lines — with frequency po-
sitions fixed by the model’s own dynamics and not fitted to
climate — describes, within the fit window, R? = 0.780 of
post-MPT LR04 ice-volume variance from L1 alone. Adding
the classical Berger 1978 insolation features (obliquity &(%),
eccentricity e(?), and the climatic-precession products e sin @
and ecos @) to the canonical L1+L2+L3 formula yields a
cross-window-stable gain in no regime: in sample the largest
reading, on the full 5.3-Myr record, is AR? = +0.0193, and
every regime window is negative out of sample. Substituting
La2010a’s eccentricity and perihelion for the model’s own
gives the same reading (subsection 5.6). Classical Berger in-
solation features alone explain only R*> = 0.05 of the same
post-MPT LR04 record — 17X less than L1 alone.

Closure: no orphan peaks. The line list is finite and
named, so it can fail. Every significant LR04 peak has a
counterpart among the model’s own beat lines: scanning the
residual after the L1 fit at fine resolution, every peak above
the 95th-percentile noise threshold sits at or beside a line
— the expected fingerprint of cycle-length non-stationarity
(LRO4 obliquity cycles vary 31-59 kyr) and spectral leak-
age between close lines — and zero significant peaks fall
where the model has no line. A significant climate peak that
is none of the 28 would falsify the orbital-forcing layer; none
is found.

These per-regime coefficients of determination are de-
scriptions of the record, not predictions: the line amplitudes
and phases are fitted inside each regime window, and a pre-
registered test (T7) shows that lines fitted on one half of a
window carry no skill on the other half, at any ridge strength.
The model’s prediction is the same record regressed on its
own orbital histories — e(?), &(t) and esinw(f) with one
coefficient each and a climate lag of roughly six thousand
years — which retains about half of the in-window coeffi-
cient of determination out of sample in the two younger LR04
regimes, above a phase-randomised null. The difference be-
tween the two numbers is a single band: the ~100-kyr glacial



D. van Sonsbeek

The Expanding Solar System Resonance Theory

cycle, which the fitted lines describe and which no linear re-
sponse to the orbital histories generates. The simulator’s doc-
umentation (doc 92, artifact t7-fixed-phase-11.json)
carries the numbers.

The implication: Earth’s climate is forced by the gravita-
tional coupling of the entire solar system, with the beats of its
secular modes and Earth’s precession clock as the natural pa-
rameterisation. Solar insolation is one channel through which
that coupling reaches Earth; the line set already encodes all
the variance the Berger 4-feature projection produces. The
two parameterisations are not independent forcings — they
describe the same gravitational physics at different granular-
ities, and the line set is strictly more expressive than the clas-
sical insolation parameterisation.

5.2 The Planetary Eigenmode-Beat Band

The dominant ~100,000-year periodicity in ice core records
(Hays et al., 1976) is a multi-planet eigenmode-beat band,
not direct Earth-eccentricity forcing. LR04’s 100-kyr band
is one broad peak spanning ~80-125 kyr with its energy-
weighted centroid near 107 kyr — not the split (95k + 125k)
structure that direct eccentricity forcing would produce. In
the formula the band is carried by the planets’ eccentricity
beats read from the model’s own N-body modes — g4 — g5 at
94.9 kyr, g3 — g5 at 98.8 kyr, g3 — g; at 110.0 kyr among the
ten eccentricity lines — whose periods are set by the planets’
masses and distances and do not follow Earth’s spin. None
of these is Earth’s own apsidal or inclination cycle. Direct
Earth-eccentricity attribution faces three specific empirical
failure modes:

e 405-kyr absence: Berger’s strongest predicted eccentric-
ity beat (g — g5, ~405 kyr) is essentially absent in post-
MPT LRO04 with amplitude ratio 0.120 versus the 100-kyr
peak.

No bispectral 95k+125k phase coupling: Hinich-style
bispectrum on LR04 gives bicoherence 0.507, below the
null 95th percentile of 0.555 — replicating the bispectral
evidence of Muller & MacDonald (1997b).

Band shape: one broad peak with a ~107-kyr centroid
inside the band of the planetary beats, not the split 95k /
125k pair that direct forcing predicts.

Earth’s own apsidal period (~111,635 yr) and obliquity
beat (~41,098 yr) are real cycles but do not play a direct
climate-driving role in the 100-kyr world: the apsidal line
is not a member of the shipped L1 set (section 5), and on the
full LRO4 record it carries only 0.79x the median L1 ampli-
tude when added. At LR04’s record length (T = 1.2 Myr,
Rayleigh AP ~ 10 kyr at P = 110 kyr) the 111.8-kyr posi-
tion sits within the same broad band as the signal-carrying
lines, but the L1 amplitude fit cleanly separates them. The
visual alignment of the apsidal line with the glacial envelope
at the 400-kyr Vostok window (Figure 7) is real but mislead-
ing; it does not survive the L1 amplitude fit on the longer
LRO4 record. One qualification: in the pre-iNHG regime
(2.7-5.3 Myr) the record does carry the apsidal line — added
there it gives AR? = +0.0196, cross-validated, at the model’s
own phase (A¢ = —8.5°; see the insolation test below). Sec-
ular theory has no 112-kyr eccentricity line, so this is the one
position attributable to Earth’s own eccentricity rather than to
a planetary beat; its admission to L1 is left as an open struc-
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Temperature and CO, concentration in the atmosphere over the past 400 000 years
(from the Vostok ice core)
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Source: Based on Peti, JR, et al. (1999). Nature, 399, 429~436. Original,

Figure 7: Vostok ice core temperature and CO, data over the past
400 kyr (Petit et al. 1999, CC BY 4.0). Three reference curves are
overlaid for visual context: blue marks Earth’s own apsidal period
(~111, 635 yr; CO, panel), red marks the ~41, 098 yr obliquity cy-
cle, and green is the canonical Climate Formula on the tempera-
ture panel. The visual alignment of the blue apsidal curve with the
glacial envelope at this window is striking but misleading: on the
full LRO4 record (Figure 8) the L1 fit places near-zero amplitude at
the apsidal line, with the signal carried instead by the eigenmode-
beat band of subsection 5.2.

tural decision.

5.3 The Spectral-Shape Argument

The spectral-shape argument is Muller & MacDonald
(1997b)’s: the eccentricity spectrum shows split peaks at
~95 ka and ~125 ka while climate shows a broad single peak
spanning ~80-125 ka, and eccentricity’s dominant ~400 ka
component is largely absent from climate records; Ridgwell
et al. (1999) independently questioned the eccentricity attri-
bution. Muller’s proposed carrier (Earth’s orbital inclination,
with an interplanetary-dust mechanism) was rejected; the for-
mula keeps the spectral-shape finding and carries the band
on the planets’ eccentricity beats identified above (subsec-
tion 5.2), not on Earth’s own inclination or apsidal cycle.

A chronology objection must be met first: orbital tun-
ing of ice-core and marine timescales could compress a true
~112-kyr signal toward ~100 kyr (modern chronologies —
AICC2012, Veres et al. 2013; Kawamura et al. 2007 —
limit this, but tuning remains significant for ice older than
~400 ka). We tested it directly.

Test design. We compared the orbitally-tuned LR0O4
benthic §'30 stack (Lisiecki & Raymo, 2005) against the
U-Th-dated speleothem record of Cheng et al. (2016).
The Cheng2016 chronology is constructed independently of
any orbital assumption (U-Th decay constants are atomic-
physics-derived, with sub-1% precision across 0-640 kyr).
If chronology bias were responsible for the ~10% gap be-
tween ~100 kyr and Earth’s apsidal period of ~111, 635 yr,
the non-tuned record should place the peak measurably closer
to 112 kyr.

Result. Discrete Fourier transforms of both records on a
1.2-Myr window place the dominant peak in the same FFT
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bin (k = 6, centroid ~ 107 kyr). A systematic ~10% chronol-
ogy offset between tuned and non-tuned records does not ex-
ist; the apparent gap to ~111, 635 yr is therefore not a dating
artifact.

Spectral resolution as the binding constraint. At a
record length T ~ 1.2 Myr, the Rayleigh resolution limit at
P = 110 kyris AP ~ P?/T ~ 10 kyr. The candidates 95 kyr,
100 kyr, and 112 kyr therefore lie within one Rayleigh ele-
ment of each other and are spectrally collinear — they cannot
be independently determined by Fourier or multitaper meth-
ods at this data length. Earth’s apsidal period ~111,635 yr
sits comfortably inside this resolution-limited band, along-
side eccentricity’s 95-kyr / 125-kyr components. Both attri-
butions are consistent with the data; what distinguishes them
is the spectral shape (subsection 5.3) and the absence of the
405-kyr signal in post-MPT LRO04, not the central peak posi-
tion.

Beyond the centroid: full-line-set cross-proxy fit. The
chronology-bias test above concerns the dominant peak
alone. The full L1 line set was additionally fitted to the
Cheng et al. (2016) Asian Monsoon 6'30 record under the
same sequential-ridge architecture as the LRO04 fit. The
Cheng 2016 record uses U-Th radiometric dating (no orbital
tuning), records Asian Monsoon precipitation strength (a dif-
ferent physical mechanism from ocean ice volume), and lives
on a Lomb-Scargle irregular sampling grid; the same line set
reaches R? = 0.64 (L1 layer, 0-640 kyr) on this cross-proxy.
Per-line amplitudes differ between the records — monsoon
strength and ice volume are sensitive to different beats, and
within a 640-kyr window the obliquity and eccentricity clus-
ters are not resolved line by line — yet the full line set fits
both records with substantial explained variance. The line
positions, not the dominant per-line amplitudes, are the struc-
ture that survives the cross-proxy translation.

5.4 The Canonical Climate Formula

The canonical Climate Formula decomposes Earth’s paleo-
climate record into three layers fit by sequential ridge regres-
sion independently per climate regime:

Cty=co + ) aicos(3) + bisin(3)]
i€l

L1 (orbital beats)

+ Z [a/p cos(%) +5, sin(%)]

PEPL2

L2 (carbon thermostat)

+ Z%‘ “H(t-1)

€T3

(10)

L3 (boundary steps)

where ¢ is age in kyr BP, C(¢) is the normalised proxy (6'%0,
6'3C, or CO,), L1 is the set of 28 beat periods 7 that are the
model’s own secular lines — five climatic-precession beats
of the precession clock against the apsidal modes (p + g;), ten
obliquity beats of the clock against the nodal modes (p + s;),
ten eccentricity beats between apsidal modes (g; — g;), and
the 405.6-kyr g, — g5 metronome with its 202.8- and 135.2-
kyr harmonics; every period from the N-body modes and the
clock, none fitted — P, = {404.5,202.25, 134.83} kyr is
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the silicate-weathering thermostat family (fundamental plus
2nd and 3rd harmonics), 7;3 = {PETM (56 Ma), EOT
(34 Ma), Mi-1 (23 Ma), MMCT (14 Ma), iNHG (2.7 Ma),
MPT (1.0 Ma)} is the set of Heaviside step transitions applied
when inside the fit window, and H(-) denotes the Heaviside
step function.

Coeflicients are fit sequentially: L1 first with ridge regu-
larisation 4 = 1 (resolving the L1<L1 collinearity within
the line set at short windows — post-MPT plain OLS gives
condition number ~632 and max VIF ~7 x 10*, producing
unphysical forward extrapolations of ~24 %o peak-to-peak;
ridge shrinks the under-determined directions to physical am-
plitudes losing only ~0.6% absolute R*), L2 on the L1 resid-
ual, L3 on the L1+L2 residual. The formula is fit indepen-
dently per climate regime: line positions are stationary across
regimes, but per-line amplitudes/phases evolve with climate
sensitivity.

Deep-time scope. The line periods are the model’s own
modes and clock, so under section 6 they move with the
clock: the climatic-precession and obliquity lines follow the
composed precession rate, the eccentricity beats follow the
measured solar-mass history (the 405.6-kyr metronome as
405.6/u"'53 kyr), and the nodal beats stay at their modern
class. For Quaternary fits (post-MPT LR04, EPICA CO,,
< 1 Myr) the J2000 periods apply essentially unchanged
(drift sub-percent). Cenozoic R? figures below are computed
under the conservative fixed-period assumption. A direct
phase-drift scan — refitting the proxy records with the line
phases evaluated on the evolving clock, with a drift scale
k interpolating from fixed periods (k = 0) to full rescaling
(k = 1) — verifies the fixed periods are exact below 1 Myr
(AR* < 107* on the post-MPT fit) and shows the 66-Ma
CENOGRID record lacks the statistical power to discrimi-
nate k = 0 from k = 1 (synthetic-recovery separation 2.40):
the ~13-cycle obliquity-line phase slip at 66 Ma is masked by
L1 amplitude non-stationarity across climate regimes. The
fixed-period choice is therefore a documented approxima-
tion, not an empirical claim of constancy.

Per-regime fit results. Table 11 lists R? across the eight
regime fits. The post-MPT LRO4 fit reaches R> = 0.780,
EPICA CO, reaches R? = 0.724, and CenCO2PIP reaches
R?* = 0.692 (mostly carried by L3 step transitions at deep-
time scale). The largest-amplitude lines of the post-MPT
LRO4 fit are the obliquity beat p + s3 (~41,098 yr) and the
eccentricity beats of the 100-kyr band (g4 — g5 at 95.8 kyr
and its neighbours at 99-110 kyr). Every L1 line carries a
physical interpretation as a standard celestial-mechanics beat
(p + g; climatic precession, p + s; obliquity, g; — g eccen-
tricity beats) or the long-eccentricity metronome family; the
empirical 405-kyr climate line enters through the L1 g, — g5
metronome and through the L2 silicate-weathering thermo-
stat resonance at the same periods.

At Quaternary scales (post-MPT LR04, EPICA CO,) the
L1 line set carries the heavy lifting (~83-87% R? from L1
alone). At deep-time scales (CENOGRID, CenCO2PIP) L3
step transitions dominate (~60% of variance over 67 Myr)
— the L1 oscillations average toward zero across many cy-
cles, but the Cenozoic story is the discrete step-changes at
major transitions, whose fitted amplitudes independently re-
cover canonical Cenozoic climate history (PETM warm car-
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Table 11: Canonical Climate Formula per-regime fit results

Regime Record Window R, AR?, AR?,  Total R?
post-mpt LRO4 0-1 Ma 0.780  +0.000  +0.000 0.780
inhg-mpt LRO4 1.0-2.7Ma 0.609 +0.000 +0.000 0.609
pre-inhg LRO4 2.7-53Ma 0455 +0.000 +0.000 0.455
1r04-full LRO4 0-5.3 Ma 0.325 +0.000 +0.008 0.333
epica-co2 EPICA 0-800 kyr 0.724  +0.000  +0.000 0.724
cenco2pip CenCO2PIP  0-66 Ma 0.047  +0.000 +0.644 0.692
cenogrid (6'80) CENOGRID  0-67 Ma 0.004 +0.000 +0.613 0.617
cenogrid (6'*C) CENOGRID  0-67 Ma 0.006 +0.000 +0.342 0.349

Climate Formula — Post-MPT (0700 kyr BP) — Formula & Data

— LR04 50 (Lisiecki & Raymo 2005)

(L1243

Figure 8: The canonical three-layer Climate Formula (red) on the
LR04 benthic 6'30 stack (Lisiecki & Raymo, 2005) over the past
700 kyr (post-MPT regime, in-window R?> = 0.780). The 28 L1
line positions plus the 3-line L2 carbon thermostat (404.5 / 202 /
135 kyr) are fitted by sequential ridge regression. See Figure 9 for
the same formula on an independent proxy.

Climate Formula — EPICA CO: (0-800 kyr BP) — Formula & Data

Figure 9: The canonical three-layer Climate Formula (red) on
EPICA Dome C atmospheric CO, (Bereiter et al., 2015) over 0-
800 kyr (in-window R?> = 0.724). Same line positions and L2
thermostat as Figure 8; only the per-line amplitudes vary between
proxies. The persistent fit across two completely different recording
mechanisms (deep-sea carbonate vs. trapped atmospheric gas) and
two independent chronologies confirms that the line structure is a
property of the orbital forcing, not an artifact of either proxy.

bon excursion, EOT Antarctic glaciation, Mi-1 deglaciation
pulse, etc.).

The variance fraction carried by L1 alone at Quaternary
scales is incompatible with the red-noise null proposed by
Wunsch (2003) for the 100-kyr energy band, and is consistent
with Roe (2006)’s rate-of-change defence of orbital forcing
— although the present framework’s parameterisation basis
(the L1 line set) differs from the Berger € / e / @ insolation
features assumed in both works.

Forward projection. Extrapolating the post-MPT fit for-
ward was withdrawn as a prediction under the pre-registered
T7 test (section 9): lines fitted on one half of the window
carry no skill on the other half, so the extrapolated curve is
the description carried forward, not a forecast.
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Limitations. The formula captures orbital forcing (L.1)
and one specific climate-internal response (the L2 silicate-
weathering thermostat) plus discrete L3 boundary-condition
steps; it does not model ice-sheet hysteresis dynamics, CO,
amplification feedbacks beyond the L2 thermostat, inter-
nal variability, regional asymmetries, or anthropogenic CO;.
Within-regime descriptive power is high (post-MPT R? =
0.780); predictive power is zero within regimes (T7) and
across them — formulas trained on pre-MPT data give catas-
trophically negative R* when applied to post-MPT and vice
versa, so forward projection stays in scope only within the
post-MPT regime.

5.5 Three-Layer Architecture

The Climate Formula’s three layers in Equation 10 commit
to distinct physical claims. Layer 1 is the set of 28 sinu-
soid pairs at the model’s own beat periods — the preces-
sion clock against the planets’ apsidal and nodal modes, the
apsidal modes against each other, and the long-eccentricity
metronome — with closure by construction: beats between
the model’s modes are again beats of the same modes, so
no orbital cycle outside the secular family can emerge from
this framework. Layer 2 is the climate-system internal pe-
riodic response: three sinusoid pairs at 404.5 / 202.25 /
134.83 kyr representing the silicate-weathering carbon ther-
mostat (Walker et al., 1981) (fundamental at characteristic
time constant 7 ~ 400 kyr, plus its 2nd and 3rd harmon-
ics). The 405-kyr line is the g, — g5 metronome of the orbital
forcing; L2 captures the resonant response of the silicate-
weathering thermostat to it. Zeebe & Lantink (2024) inde-
pendently demote 405-kyr from its classical “metronome”
role through a separate dynamical-stability argument. Layer
3 is the set of six Heaviside step transitions at PETM, EOT,
Mi-1, MMCT, iNHG, MPT — absorbing the non-stationarity
introduced by major Cenozoic boundary-condition shifts; L3
carries the dominant variance at deep-time scales (~60% of
CENOGRID 6'80 over 67 Myr), with fitted step amplitudes
that independently recover canonical Cenozoic climate his-
tory.

Empirical support for the Layer-2 carbon-cycle attri-
bution. On the 67-Myr CENOGRID record (Westerhold
etal., 2020), the 405-kyr signal shows a 6'*C/6'80 amplitude
ratio of 1.53 — 3.1x higher than the obliquity control and
2.3x higher than the precession control — whereas direct-
insolation cycles all give ratios below 1. The 405-kyr cycle
alone is ¢'*C-dominated, the carbon-cycle amplification sig-
nature predicted by the silicate-weathering resonance. This
is the signal Pilike et al. (2006) named “the heartbeat of the
Oligocene climate system.” A complementary test at 2.4 Myr
is null, confirming that the silicate-weathering response is
a narrow resonance peak. The 2.4 Myr cycle itself — the
g4 — g3 Mars-Earth secular eccentricity beat — has been in-
dependently identified by Dutkiewicz et al. (2024) as a Mars-
Earth gravitational-coupling signal visible directly in 65 Myr
of deep-sea sediment hiatus records; it is not deployed as a
structural component of the formula. The same Cenozoic test
detects the ~4.5-Myr Boulila libration period as the purest
carbon-cycle signature in the suite (6'°C/6'80 = 2.76, statis-
tically significant in 6'3C with F = 5.40 and absent in §'30
with F' = 0.34), but it is not deployed in L1: cross-window

=~
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stability finds amplitude CV 42-50% and §'0 phase circu-
lar standard deviation ~ 98°, so the line is not a stable single
eigenmode. It remains an investigated candidate, not a struc-
tural component of the formula.

5.6 The Insolation Null Test

If the L1 line set and Berger’s classical insolation parame-
terisation describe the same gravitational physics at different
granularities (subsection 5.1), this generates a sharp empiri-
cal prediction: adding the Berger 1978 insolation features —
&(1), e(t), esinw, ecosw — as additional regressors on top
of L1+L2+L3 should yield AR?> ~ 0. The line set already
encodes the variance that the 4-feature projection produces.

We tested this directly on the shipped 28-line fit. Insolation
features were extracted at all LRO4 sample times from the
model’s own Earth orbit (the obliquity hybrid, the N-body
eccentricity series, the longitude of perihelion of date). After
fitting the canonical L1+L2+L3 to LR04 / EPICA CO,, the 4
standardised Berger features were ridge-regressed against the
residual (1 = 0.01). Pre-registered decision rule: AR? > 0.02
would promote the insolation features to a canonical fourth
layer; AR? < 0.005 rejects them as redundant with L1.

Table 12: Insolation null test: AR> when Berger features added to
L1+L2+L3

Regime L1+L2+L3 +L_insol AR?
post-MPT (0-1000 kyr) 0.7805 0.7821 +0.0017
inhg-MPT (1000-2700 kyr) 0.6090 0.6095  +0.0005
pre-iNHG (2700-5320 kyr) 0.4547 0.4611 +0.0064
1r04-full (0-5320 kyr) 0.3329 0.3522  +0.0193
EPICA CO, (0-800 kyr) 0.7238 0.7244  +0.0006

With the model’s own orbit in the features the maximum
across all regimes is AR®> = +0.0193 (the full 5.3-Myr
record), inside the pre-registered POSITIVE band in sam-
ple, so the rule’s stability requirement decides the verdict. A
cross-window check (La2004 e(¢), w(t) over the full record;
split-half cross-validation of the L_insol layer per regime)
finds no stable gain for either feature set: the full record is
the one window with an out-of-sample gain, —0.0356 with
the model’s features and —0.0389 with La2004’s, inside the
tentative band and below the 0.02 bar; every regime window
is negative out of sample (maximum cross-validated gain
anywhere —0.0065 with the model’s features, —0.0063 with
La2004’s). Result: no fourth layer. The two feature sets
read alike in every regime, in sample and out of sample, as
expected for two integrations of the same secular system.

A hardening test substitutes the independent La2010a e(t),
w(t) for the model’s own on 0-500 kyr (the model’s se-
ries spans 0.0006—0.0578 over the record, La2004’s 0.0002—
0.0578 — the same multi-mode envelope). Alone, the Berger
features explain R> = 0.202 of LR04 and R*> = 0.129 of
EPICA CO, on that window; added to L1+L2+L3 the con-
tribution drops to AR?> = +0.00758 and +0.00794 in sam-
ple — tentative-band readings on a window whose enclosing
regime cross-validates negative. The signal is real; it is al-
ready contained within the L1 span up to a remainder that
does not hold across windows.

Strict mathematical reading: at the linear level the L1 fre-
quencies (g; + gk, k £ s; beats) span the same subspace as
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Climate Formula — Full LR04 (0-5,320 kyr BP) — Formula & Data

— LRO4 5% (Lisiecki & Raymo 2005)  — Total formua (L1+L2+L3)

lendar year (today = 2000 AD; past  — future)

Figure 10: Canonical Climate Formula on the full LR04 record
(0-5,320 kyr BP). The red curve is the three-regime stitched fit
(pre-iNHG / iNHG-MPT / post-MPT), giving stitched R*> = 0.92
against the black LR04 stack (Lisiecki & Raymo, 2005). The iNHG
(~2.7 Ma) and MPT (~1 Ma) transition markers (orange dashed
lines) divide the record into the three regimes. The visible ampli-
tude growth from past to present reflects climate sensitivity changes,
not orbital forcing changes — orbital forcing is essentially station-
ary over 5.3 Myr.

Berger’s 4-feature decomposition. Once L1 is in the model,
the Berger features add only what 28 fixed-frequency lines
leave un-spanned on a given window, and the cross-window
check shows that remainder is not stable — a theorem of sec-
ular theory expressed in regression form, read in data up to
the finite line set.

Caveat: the test used only the four linear Milankovitch
features (&, e, esinw, e cos @), not the full Berger 1978 ex-
pansion (which includes &2, & sin @, ¢ sin 2@, etc.). Higher-
order terms are products and harmonics of the same prim-
itives; given that the linear quartet adds no cross-window-
stable variance, no realistic higher-order expansion would
close the gap to L1 in any LR04 regime.

5.7 The Mid-Pleistocene Transition: Same Forcing, Dif-
ferent Response

The multi-planet eigenmode-beat structure responsible for
the 100-kyr-band signal is a formation-epoch feature of the
solar system. Earth’s orbital inclination relative to the invari-
able plane was set when the protoplanetary disk dissipated
~4.5 billion years ago. While long-term n-body integrations
exhibit chaotic diffusion of orbital elements over > 50 Myr
(Laskar, 1989), planetary eigenmodes are essentially station-
ary on Myr timescales — so the orbital forcing was effec-
tively constant across the MPT. What changed was the cli-
mate system’s sensitivity to that forcing, visible as the left-
to-right amplitude growth across the full LR04 record (Fig-
ure 10).

A windowed amplitude analysis across the MPT (pre-MPT
1,500-2,500 kyr BP versus post-MPT 0-1,000 kyr BP) gives
concrete post/pre growth ratios per band: the 41-kyr obliquity
peak actually shrank to ~0.72x post-MPT, while the 100-
kyr band grew ~1.64x, the 23.7-kyr climatic-precession band
grew ~2.19%, and the 405-kyr line (the long-eccentricity
family; modelled as L2 carbon-cycle resonance) shrank to
~0.34x. The 41-kyr decrease is consistent with the standard
“ice-sheet saturation silences the obliquity pacemaker” fram-
ing of Willeit et al. (2019): progressive CO; decline and re-
moval of easily-erodible regolith allowed ice sheets to grow
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past a critical size where they could survive obliquity max-
ima, shifting dominance from the 41-kyr-band response to
the 100-kyr-band response.

A second candidate mechanism is interplanetary dust
concentration: Farley (1995) confirmed an increase in ex-
traterrestrial *He flux beginning at ~1 Ma, evidence that in-
terplanetary dust accretion rose at the MPT. Muller & Mac-
Donald (1997b) originally proposed that this dust modulates
climate via the inclination of Earth’s orbital plane; the com-
munity rejected the specific dust—climate coupling mecha-
nism, though Farley’s underlying dust-flux observation re-
mains unchallenged. The dust mechanism is therefore listed
as a candidate whose climate-driving role has not been con-
firmed.

Both candidate mechanisms are consistent with the model:
the secular architecture of the orbits is a permanent feature of
formation, while the MPT marks a change in climate sensi-
tivity (not a change in the orbital forcing itself). The canon-
ical Climate Formula encodes this regime shift directly in
two ways: as one of its six L3 Heaviside step transitions at
t = 1.0 Ma, and through the per-regime fitting strategy that
produces three independent LR04 windows with their own
per-line amplitudes — making the changing climate sensitiv-
ity an explicit structural feature of the formula rather than a
residual.

The Willeit framing against the decomposition. The
frequency-resolved ice-albedo decomposition of subsec-
tion 5.8 below, computed separately on the iINHG-MPT (~1-
2 Myr BP) and post-MPT (0-800 kyr BP) windows, reads
a larger ice share before the MPT in both bands it resolves
there — the 100-kyr band (86% against 54% post-MPT) and
the precession band (98% against 65%). The obliquity band,
where the “obliquity-paced ice world” of Willeit et al. (2019)
makes its sharpest prediction, cannot be read line by line
in a 1-Myr window: the formula’s four obliquity lines lie
within 2 kyr of one another, below that window’s frequency
resolution, and no single line holds a phase against the CO,
record there. The per-band test of the Willeit picture there-
fore needs a band-level instrument (the band’s reconstructed
signal against CO,) and is recorded as open.

5.8 Frequency-Resolved Climate Sensitivity

The per-line amplitudes returned by the L1+L2+L3 fit on
LRO4 (subsection 5.4) carry orbital-band information beyond
the variance summary. Decomposing the ice-volume signal
into ice-albedo and CO,/greenhouse-gas contributions per
band yields two outputs: a frequency-resolved ice-share de-
composition (Table 13) and a paleo estimate of Charney equi-
librium climate sensitivity.

Method. For each of the 28 L1 lines, the per-line ampli-
tudes from the post-MPT LRO04 fit are split into ice-albedo
forcing and CO,/GHG forcing using four calibration con-
stants: the ice fraction fi.. of LR04 §'30 (default 0.6 over
the post-MPT regime), the sea-level-per-mille conversion pgp,
(default 120 m/%o), the ice-albedo forcing per metre of sea
level «p (default 0.04 W/m?*/m), and the combined other-
greenhouse-gas (CHy, N>O, H,O) multiplier (default 0.5).
Monte Carlo over uniform priors on the four constants (N =
5,000 draws) marginalizes the resulting per-band ECS distri-
bution. Per-band amplitude weights come directly from the
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L1 line-set fit.

Table 13: Frequency-resolved ice-albedo decomposition of LR04
post-MPT ice-volume variance.

Band Period range  Ice-albedo share  Physical interpretation

100-kyr 75-130 kyr 54%  Ice-sheet feedback dominates post-MPT
Obliquity ~ 35-50 kyr 65%  Obliquity-paced insolation

Precession  18-26 kyr 65%  Precession-modulated NH summer insolation
Long >130 kyr 46%  CO,/GHG forcing increases at long periods

Charney equilibrium climate sensitivity. Marginalized
over the four calibration constants, the AT-weighted estimate
is

Charney ECS =3.35 K, 90% CI[2.76, 4.01] K. (11)

The result sits inside the published ranges — IPCC AR6
(best 3.0 K, likely 2.5-4.0 K) (IPCC, 2021); Hansen et al.
(2013) (3.0 = 0.5 K); Sherwood et al. (2020) (2.6-3.9 K);
PALAEOSENS (Kohler et al., 2017) (3.0-4.5 K) — and
agrees within ~10% with the boron-isotope §''B CO, recon-
structions on the same post-MPT window (Chalk et al., 2017,
Dyez et al., 2018; Martinez-Boti et al., 2015; de la Vega et al.,
2020). It rests on uniform priors over the four calibration
constants above and is reported as a consistency check of the
decomposition, not as an independent determination of the
sensitivity.

6. Deep-Time Evolution: The Expanding Solar
System Resonance Theory

The Climate Formula of section 5 demonstrates that the
28 physical beat lines capture Earth’s paleoclimate variance
back through the Cenozoic. Two natural questions follow: (i)
do the lines themselves persist beyond the Cenozoic into the
full 4.54 Gyr Earth-system record, and (ii) what physical pro-
cesses determine their future evolution? This section presents
the Expanding Solar System Resonance Theory (ESSRT)
— the framework’s deep-time layer. (The name echoes the
expanding universe only in the shape of the claim — a mono-
tonically growing scale parameter governing a structured sys-
tem; the physics is standard tidal evolution and solar mass
loss.) The central claim is that Earth’s spin-side periods —
the precession clock T, the perihelion-of-date and obliq-
uity cycles, and every L1 line carrying p — are not fixed
cosmic constants but J2000 readings of a slowly evolving
clock: their frame identities hold at every epoch while their
absolute periods lengthen with the composed lunisolar rate.
The planets’ periods, by contrast, are governed by the secu-
lar g/s modes, which do not follow the spin clock — their
only long-term drift is Driver 2’s uniform « 1/My; — and
the eccentricity-band L1 members (planetary g-beats, includ-
ing the 405-kyr line) likewise stay fixed while the precession
and obliquity bands move: that two-tier split is confirmed
by the deep record (precession ~12 kyr at 2.46 Ga with the
long-eccentricity band at its modern class) and is the theory’s
standing falsifier. Two independent physical processes drive
the evolution of the two engines introduced in subsection 2.1.

6.1 Two-Driver Framework

ESSRT identifies two independent physical processes that
drive the expansion of the clock. Both act simultaneously;
each acts on a different physical channel.
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Driver 1 — Earth-Moon tidal evolution. The Moon
raises a tidal bulge on Earth; Earth’s rotation drags the
bulge slightly ahead of the Moon-Earth line; the misalign-
ment torques Earth’s rotation downward and transfers angu-
lar momentum to the Moon’s orbit, pushing the Moon out-
ward (Touma & Wisdom, 1994; Néron de Surgy & Laskar,
1997). Modern lunar laser ranging measures the reces-
sion at 3.82 cm/yr; the long-term Phanerozoic average in-
ferred from paleontological day-count data (Wells, 1963) is
~3.43 cm/yr. As LOD (length of day) grows, Earth’s spin
rate w falls and the axial precession period T, grows —
and as the Moon recedes, the lunar share of the torque falls
as (ap/ay)’, lengthening T, further: the composed rate is
J(1) = [w(t)/wo) po [ fs+(1~fs)(ao/am()*] (subsection 2.1).
Every period read against the clock lengthens with it:

Moon recedes — LOD grows, lunar torque falls
— T, grows
— every period on the clock lengthens.
(12)
Driver 1 is the dominant contribution in fractional terms: at
the Devonian (380 Ma), T, = 21,699 yr (~16% shorter than
today — the spin about 9% faster and the closer Moon’s
torque supplying the rest), entirely attributable to Driver 1.

Driver 2 — Solar mass loss. The Sun loses mass through
electromagnetic radiation (Lo/c?) and the solar wind at a
combined rate of 9.3 x 10~'* of its mass per year. For each
planet orbiting the slowly-shrinking central mass, the adi-
abatic invariant a X Mg constant predicts that the orbit
expands as Mg decreases. Every planet drifts by the same
fractional amount, so Driver 2 rescales the spatial scale uni-
formly: planet orbit ratios are preserved exactly, and the sec-
ular g/s frequencies scale uniformly cc M, — the mass-loss
tier’s only imprint on the orbital side.

The two drivers act on independent channels — tidal cou-
pling for Earth-Moon angular momentum versus gravita-
tional binding for Sun-planet orbits — but at the observa-
tional level they are connected by a structural near-invariant:
the product T, X days/yr stays close to a constant across geo-
logical time (subsection 6.8 below).

6.2 The Proper-Physics LOD Formula

ESSRT computes LOD(#) and hence the clock T,(¢) from
a two-layer formula. Layer 1 is a Moon-distance polyno-
mial calibrated against the deep-time tidal-evolution curve of
Farhat et al. (2022):

~
=~

aMoon([)

AMoon, now

=1+ 1ty + @3ty + Qalyy, (13)
where #y, is age in millions of years before present, and
(a1, a3, a4) are anchored to modern LOD = 24.0 hr and the
LLR-observed recession rate (3.82 cm/yr; Dickey et al. 1994)
at J2000, and to the smooth Farhat curve over deep time —
with the Wells 0.00526 hr/Ma Phanerozoic rate recovered as
a validation output rather than imposed as an anchor. The cu-
bic and quartic terms model the non-linear tidal-dissipation
history without requiring an explicit Q(f) integration. The
polynomial is the # < 1000 Ma branch of a regime-aware
recession history: Farhat et al. (2022)’s central result is that
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Iunar recession followed a resonant staircase — long slow-
recession plateaus between ocean-resonance crossings, with
most of the recession concentrated late — which no single
smooth polynomial can follow through the mid-Precambrian.
Beyond 1000 Ma the history continues as a monotone cu-
bic spline (value- and slope-continuous at the joint) through
five knots fitted to the published mid-Precambrian record (Ta-
ble 16), ending at the rigid Roche limit at the genesis epoch.

Layer 2 is angular-momentum conservation for the Earth-
Moon system:

LOD() = 2n 1o
Lem(1) — Myoon VGMEM aMoon(?) * \’1 - el\z/loon
(14)
with Ig = apMeR2 Earth’s moment of inertia and Lpy(7)

the Earth-Moon angular momentum (Earth spin plus Moon
orbital). Within the gated 0-1000 Ma era the budget is
closed, Lgv = Lo exactly. Beyond it, two solar chan-
nels make the budget explicitly open: the ocean solar-tide
leak (the Sun’s semidiurnal tide, torque ratio So(a/ag)® of
the lunar torque, slows Earth without feeding the Moon) and
the insolation-driven atmospheric thermal-tide pump (Zahnle
& Walker, 1987; Bartlett & Stevenson, 2016; Mitchell &
Kirscher, 2023), sunlight resonantly torquing the atmosphere
against the ocean drag. The pump couples the Sun’s out-
put and the Earth-Sun distance (< L,/AU?) directly into the
LODy/clock chain during the > 1 Ga era; its strength is a fit-
ted quantity (a partial pump, with zero disfavoured at ~2.40),
because the mechanism is genuinely contested — Zhou et al.
(2024) argue the Lamb resonance is unlikely in the Meso-
proterozoic and attribute the era’s slow recession to weak
ocean dissipation. The net effect is small either way: Lgnm(7)
reconstructed directly from Zhou et al. (2024)’s paired dis-
tance+LOD data is flat to ~0.2% across 1.6—1.2 Ga, and the
fitted budget matches. Given apoon(f) and Lgpm(f), LOD(?)
follows immediately; from LOD(¢) and amoon(?) every other
deep-time quantity follows: the clock T,(7), every period
read against it, and the asymptotic tidal-lock distance.

The formula is anchored at independent constraints —
modern J2000 LOD with the LLR recession rate, and the
Farhat deep-time curve — with no Hadean constraint im-
posed and the Phanerozoic paleo-day-count record recovered
as validation. Figure 11 shows the resulting LOD trajectory
across the full Earth-Moon history. Its self-validation at the
Earth-Moon genesis is the centerpiece of subsection 6.4; its
empirical confirmation against the historical eclipse record is
in subsection 8.10 and subsection 8.11.

6.3 The Clock Through Geological Time

Table 14 shows the clock and the Moon’s distance across the
modern, Devonian, and short-term-future epochs, and Ta-
ble 1 the gated Precambrian rows. The spin-side periods
lengthen with the clock; the orbital quantities (the secular
modes and their beats) ride the solar-mass tier instead, which
is why the obliquity beat 27t/ (¢ — |s3]) shortens faster than the
clock itself into the past.

A useful intuition for the rate: one billion years ago,
the precession period was about ~62% of its current value.
The growth is slow on human and geological timescales —
~0.025% per Myr today — but cumulative over the planet’s
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Length of Day (LOD)

Figure 11: Length of day across the full Earth-Moon history
from the two-layer proper-physics formula (Equation 13, Equa-
tion 14). LOD rises non-decreasingly as a regime-aware staircase
from ~4.62 hr at the Earth-Moon genesis (~4.498 Ga) through the
24.0 hr J2000 anchor to ~32 hr at +1 Gyr (shaded region: forward
extrapolation): the visible plateaus (~—2.5 to —1.5 Gyr and around
—1 Gyr) are the mid-Precambrian slow-recession intervals between
ocean-resonance crossings, fitted to the mid-Precambrian anchors
of Table 16. Most of the recession is concentrated in the Phanero-
zoic and Hadean regime transitions rather than smoothly through
geological time.

Table 14: The clock across geological time. All values from the
two-layer proper-physics formula (Equation 13, Equation 14) com-
posed with the lunar torque, with no Hadean constraint.

Quantity Modern (J2000)  Devonian (-380 Ma)  +200 Myr future
Earth axial precession T, ~ ~25,771 yr ~21,699 yr ~28,208 yr
Moon-Earth distance 384,399.07 km 369,749 km 392,059 km

lifetime.

The forward branches of the genesis-series figures steepen
not through new physics but because these are periods:
dLOD/dr o« LOD? as the day approaches the tidal-lock
asymptote, and the clock propagates the steepening to ev-
ery period read against it. The backward branch is pinned by
the paleo record (subsection 6.5); the shaded forward region
is polynomial extrapolation, since future tidal dissipation de-
pends on the evolving ocean-basin configuration.

A direct consequence concerns the classical precession
of the equinoxes, known since Hipparchus and routinely
treated as a fixed astronomical constant. Under ESSRT,
Earth’s axial precession period T, is itself a now-snapshot
of a slowly evolving cycle: ~21,699 yr at the Devonian on
the composed rate, the gated Precambrian rows in Table 1,
with a modern-era rate of change of ~6 yr per Myr. The ef-
fect is small on human timescales but in principle observable
in high-precision IAU precession-rate measurements over
decades; distinguishing it from the well-modeled mainstream
tidal-LOD evolution and planetary-precession contributions
(Capitaine et al., 2003; Vondrdk et al., 2011) is the open ob-
servational question.

Earth’s obliquity beat follows the clock through 27/ (y(f) —
Is3), with  the spin axis’s inertial precession rate
(50.385”/yr at J2000; a record sees that rate’s mean over
its own window — ~40,927 yr over the LR04 record):
~41,098 yr at J2000, shortening into the past faster than T,
itself because the nodal mode s; is an orbital quantity that
does not follow Earth’s spin. This period drift is precisely
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the signal that cyclostratigraphic inversions such as Wu et al.
(2024) exploit — shorter precession and obliquity periods
measured deeper in the Phanerozoic record — so the pa-
leo validation of subsection 6.5 tests these curves directly.
The obliquity angle itself keeps oscillating within its band
(22.21°-24.72°) at every epoch; what evolves at deep time is
the period, not the band.

6.4 The Earth-Moon Genesis

If the clock has lengthened monotonically from past to
present, it must have been shorter in the past — in princi-
ple, very much shorter. Running the proper-physics formula
backwards, the recession polynomial crosses the rigid Roche
limit at ~4.498 Ga — the Earth-Moon genesis. At that epoch:
e Moon distance ~9,471 km = 1.48 Rz — the rigid Roche
limit, inside which tidal forces shred any solid satellite (the
fluid Roche zone at ~2.9 Ry, is crossed at ~4.44 Ga).
Length of day ~4.62 hours — inside the canonical post-
giant-impact spin range (~4—6 hr), with no spin constraint
imposed: a third independent consistency check alongside
the age and the Roche distance.

The clock at its shortest: with the spin ~5x faster and the
Moon at a few Earth radii, the composed lunisolar rate lies
far outside the model’s validated +500-Myr domain and is
not evaluated here.

This is the framework’s strongest self-validation (Fig-
ure 12). No Hadean constraint was used to calibrate the quar-
tic branch of the history. Its only anchors are modern J2000
LOD with the LLR-observed recession rate, and the deep-
time tidal-evolution curve of Farhat et al. (2022), with the
Phanerozoic paleo-day-count record (Wells, 1963; Wu et al.,
2024) recovered as validation; the regime-aware spline pre-
serves the quartic’s Roche-crossing epoch as its endpoint,
because the mid-Precambrian record leaves the genesis age
unconstrained (the fit’s genesis profile is flat across 4.42—
4.52 Ga). The genesis epoch, ~4.498 Ga, is the canonical
giant-impact Moon-formation age (~4.5 Ga, dated inde-
pendently by isotope geochemistry of lunar and terrestrial
samples) — itself ~40 Myr after Patterson’s Pb-Pb Earth age
(Patterson, 1956) of 4.54 Gyr. Two independent measure-
ment chains — tidal physics run backwards on one side, iso-
tope geochemistry on the other — converge on the same an-
swer, and in the right order: Earth first, Moon shortly after,
born at the Roche distance where the impact debris could first
coalesce. Because Driver 1 uses the modern ~3.82 cm/yr
LLR-observed recession rate (Dickey et al., 1994) — the
same anchor that classically triggers the well-known linear-
extrapolation age paradox (Bills & Ray, 1999), which naively
projects the Moon at the Roche limit only ~1.5 Gyr ago —
the fact that the same rate under the Farhat non-linear poly-
nomial (Equation 13) instead lands the Roche crossing at the
giant-impact age is a nontrivial consistency check on the two-
layer form, not a curve fit.

The Wells-Patterson coincidence. The same numbers
yield a second, independent self-validation. The Wells tidal
rate of 0.00526 hr/Ma was calibrated entirely on Phanerozoic
fossil data (0-500 Ma; corals, bivalves, rhythmites). Linearly
extrapolated, it predicts LOD = 0 at 24/0.00526 = 4.56 Gyr
ago. Patterson’s Pb-Pb radiometric Earth age is 4.54 Gyr.
The two numbers agree to within 0.5% — the precision of the
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Earth-Moon Distance

0= 12000) — Range: Full (-45 0 +1 Gy

Figure 12: Earth-Moon distance across the full tidal-recession his-
tory under Driver 1 (Farhat-form polynomial, LLR-anchored a)).
Run backwards, the curve reaches the rigid Roche limit (~9,500 km)
at ~4.498 Ga — the Earth-Moon genesis marker at the left edge —
matching the canonical giant-impact Moon-formation age with no
Hadean constraint in the fit. Dashed gridlines mark the Cambrian
and J2000; the shaded region beyond J2000 is forward extrapola-
tion to +1 Gyr.

underlying measurements. This is not coincidence: it is the
structural signature of a single, internally consistent picture
of Earth-Moon evolution. The clock has a beginning, and the
beginning is when the Moon’s orbit was just stable enough to
exist as a satellite. The linear rate is only a Phanerozoic-local
approximation, however — LOD = 0 would imply infinite
spin (Earth’s rotational breakup limit is ~2 hr); the proper-
physics curve replaces the period-zero at Earth’s birth with a
distance floor at the Moon’s birth — the rigid Roche limit,
with Earth spinning at its finite post-impact rate.

6.5 Paleo Validation

The Phanerozoic record provides a direct test of the pre-
dicted tidal history via independent paleontological day-
count techniques and, since 2024, via the cyclostratigraphic
reconstruction of Wu et al. (2024). Figure 13 shows the
underlying days-per-year curve across the full Earth-Moon
history; Table 15 compares the formula’s predicted days-
per-year against directly counted fossil records and Wu’s
cyclostratigraphy-derived values at twelve epochs spanning
the Phanerozoic and Snowball-Earth boundary.

Table 15: Paleo-day-count validation across 0-650 Ma. Paleonto-
logical anchors (0-380 Ma) match within 1.0% at every point, with
the flagship Wells 1963 Devonian count essentially exact (—0.01%);
Wau et al. (2024)’s cyclostratigraphic anchors match within —0.51%
to +3.63% across the entire 650-Myr range. The 620 Ma Williams
discrepancy is discussed in the text.

Age (Ma)
0
70
90
100
200
200
300
380
400
500
620
650

Method Framework ~ Match

365.242
371.53
37333
374.24
383.31
383.31
392.50

Source Observed (d/yr)

365.242

372

3726
370.65 +2.3
3859
369.87 + 1.6
385.31+42
~400
403.03 + 4.6
41348 +5.8
400.3
418.62£2.0

IERS modern
de Winter et al. (2020)
Pannella (1972)

Wu et al. (2024)
Triassic compilation
Wu et al. (2024)
Wuetal. (2024)
Wells (1963)

Wu et al. (2024)
Wuetal. (2024)
Williams (2000)

Wu et al. (2024)

Atomic clock
Torreites rudist bivalve
Bivalves (23.5 hr day)
Cyclostratigraphy (TimeOptB Bayesian)
Various
Cyclostratigraphy
Cyclostratigraphy
Devonian corals
Cyclostratigraphy
Cyclostratigraphy
Elatina thythmites
Cyclostratigraphy

exact (anchor)
=0.13% v
+0.20% v
+0.97% v
-0.67% v
+3.63% v
+1.87%
-0.01% v
-0.30% v
-0.51% v
+5.70% 7
+1.79% v

399.96
401.84
411.37
423.11
426.10

The paleontological anchors (0-380 Ma) match within
1.0% at every point, with the flagship Wells 1963 Devonian
count essentially exact (—0.01%); across the tabulated data-
points the mean absolute deviation is ~1.0% (paleontological
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Length of Year (days at epoch)

Figure 13: Tropical year length in mean-solar days at each epoch,
combining both drivers (Driver 2 sets the year in seconds, Driver 1
the day in seconds): ~1,886 days/yr at the Earth-Moon gene-
sis, ~400 days/yr at the Devonian (matching the Wells (1963)
coral growth-band count validated in Table 15), 365.24 today,
~272 days/yr at +1 Gyr (shaded region: forward extrapolation).

rows alone: ~0.3%). The framework’s structural relation re-
produces the directly-counted fossil record without any free
parameters fit to day-count data.

Wu et al. 2024 — independent 650-Myr cyclostratig-
raphy reconstruction. The seven Wu et al. (2024) anchors
deserve special mention because they constitute an entirely
independent measurement chain. Wu et al. (2024) apply a
TimeOptB Bayesian inversion to cyclostratigraphic records
(Milankovitch-driven sedimentary cycles) across 650 Myr
of the Phanerozoic. Unlike paleontology (Wells 1963 coral
growth bands, Pannella 1972 bivalves, Williams 2000 tidal
rhythmites), Wu’s method does not depend on biological
growth-band counting — it derives LOD, Earth-Moon dis-
tance, and axial precession rate directly from spectral anal-
ysis of climate proxies, with full +20- uncertainty propaga-
tion at 100-Myr intervals. The framework matches Wu’s
anchor reconstruction within —0.51% to +3.63% across the
entire 650-Myr range, with a mean absolute residual of
~1.5% across the tabulated Wu anchors. This constitutes
independent validation across an entirely separate measure-
ment technique — paleontology and cyclostratigraphy con-
verging on the same tidal evolution. The match at 400 Ma
is particularly noteworthy: Wu’s cyclostratigraphy-derived
403.03 days/year sits within 0.7% of Wells (1963)’s paleon-
tological count of ~400 days/year, and the framework repro-
duces both within 0.5%.

The 620 Ma Williams discrepancy is documented hon-
estly: Farhat’s globally-smoothed ocean-tidal-Q curve dips
shallower than Williams’s direct rhythmite count, possibly
because the Ediacaran-Cryogenian Snowball Earth interval
(~720-635 Ma) had unusual ocean-tidal dissipation that the
smooth fit averages over. The thermal-tide-lock framework
of Mitchell & Kirscher (2023) places the transition out of
the Proterozoic tidal-resonance regime at this same inter-
val. Notably, Wu’s adjacent 650 Ma cyclostratigraphic an-
chor (418.62 d/yr) matches the framework to within 1.8%
while Williams’s 620 Ma value misses by 5.7%, suggest-
ing Williams’s specific rhythmite-derived value is the out-
lier rather than the proper-physics formula. For Phanerozoic
work (< 500 Ma) the proper-physics formula is uniformly
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better than a linear LOD approximation; for Snowball-
boundary epochs the discrepancy is documented rather than
papered over.

6.6 The mid-Precambrian record (1-3.5 Ga)

Beyond the cyclostratigraphic era of Table 15, the regime-
aware branch of the recession history (the spline of Equa-
tion 13’s discussion, with the open Lgy(#) budget of Equa-
tion 14) is tested against the published mid-Precambrian
record — cyclostratigraphy, tidal rhythmites and tidal bun-
dles spanning 1.1-3.2 Ga (Table 16). Every anchor is repro-
duced within its published uncertainty. The interval is scien-
tifically live: Mitchell & Kirscher (2023) read the era’s slow
day-length growth as a thermal-tide resonance stall, while
Zhou et al. (2024) argue the Lamb resonance is unlikely in
the Mesoproterozoic and attribute the same shape to weak
ocean dissipation; the framework’s fitted pump strength lets
the record itself arbitrate, and Zhou et al. (2024)’s paired
distance+LOD epochs double as a direct test of the angular-
momentum budget (their reconstructed Lgy is flat to ~0.2%
across 1.6—1.2 Ga, which the fitted budget reproduces).

Table 16: Mid-Precambrian validation: the regime-aware recession
history against the published record, 1.1-3.2 Ga. LOD in hours;
Earth-Moon distance in Earth radii. Every anchor is reproduced
within its published uncertainty.

Age (Ma)

1100
1215
1215
1400
1480
1634
2450
2460
3200

Source Observed ~ Framework — Match

Bao et al. (2023) (Nanfen)

Zhou et al. (2024) (Yemahe)

Zhou et al. (2024) (Yemahe)

Meyers & Malinverno (2018) (Xiamaling)
Zhou et al. (2024) (Wumishan)

Zhou et al. (2024) (Chuanlinggou)

Weeli Wolli rhythmites

Lantink et al. (2022) (Joffre BIF)
Moodies Group tidal bundles

Quantity

LOD
LOD
distance
LOD
LOD
LOD
LOD
LOD
distance

18.94 £0.39
18.86 +0.17
53.52+0.27
18.68 +0.25
18.12+0.19
17.82+£0.15
17.95 £ 1.32
16.98 + 0.50
46.45+1.50

18.74
18.66
53.23
18.48
18.26
17.68
17.01
17.01
46.44

-1.05% v
-1.05% v
—0.55% v
-1.06% v
+0.75% v
-0.80% v
-5.24% v
+0.16% v
-0.03% v

6.7 When Will the Expansion End

If the expansion had a beginning at the Roche limit, it must
have an end at the opposite extreme. The Earth-Moon system
asymptotically approaches the tidal-lock asymptote: Earth’s
spin period equals the Moon’s orbital period, both at approx-
imately 47 days in current units. From angular-momentum
conservation:

e Tidal-lock Moon distance: ajocx = 555,623 km = 87.1 Rg

(currently 60.3 Rg).

e Approach timescale: ~50 Gyr (well beyond the Sun’s red-

giant phase at +5 Gyr).

e Days per year at tidal lock: ~7.8 (vs. current 365.24).

The proper-physics formula remains valid for projections up
to about +3 Gyr forward; beyond that the polynomial sat-
urates at the tidal-lock distance and the formula returns no
value. For longer projections, the angular-momentum bound-
ary itself takes over.

The framework’s effective predictive domain spans about
7.5 Gyr — from Earth-Moon genesis to the formula’s +3 Gyr
horizon at the tidal-lock distance. The modern epoch sits at
about 61% through this domain. Beyond +3 Gyr the proper-
physics formula returns no value, though the Earth-Moon
system continues to exist (and the Sun continues to shine)
until the red-giant phase at +5 Gyr.

Future-projection uncertainty. The Farhat polynomial
(Equation 13) is calibrated against past anchors and ex-
trapolated forward beyond J2000. For sub-200 Myr for-
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ward projections the framework sits well within accepted
tidal-modelling ranges. At +1 Gyr the projected precession
period of ~42,109 yr corresponds to ~32-hour LOD and
~425,000 km Moon distance; these values sit ~10% above
the predictions of independent tidal models (Touma & Wis-
dom, 1994; Néron de Surgy & Laskar, 1997), which predict
slower late-future recession as tidal force weakens (cc 1/r°)
with Moon distance. The polynomial’s smooth-extrapolation
behaviour does not capture this physical slowdown. For the
spin-side ratios the difference is irrelevant (every spin-scaled
period lengthens together); for absolute long-term forward
use the +500 Myr to +1 Gyr range should be read as an
upper-bound estimate rather than a precise prediction.

6.8 Two Device-Tier Invariants

The shipped era devices — the year-length combs, the AT
phase table and the lunar precession scaling — ride a frozen
counter of their own: U(t) = Uy LOD(r)/LOD, with Uy =
335,317 yr, the anchor unit of the model’s correction bases
under pure spin scaling. It is a named device convention,
distinct from the physical clock T', (whose lunar torque term
breaks the proportionality to LOD), and two identities hold
on it. The first is the day-count near-invariant,

~

U x days/yr TOTAL_DAYS = 122,471,920 days,

(15)
exact at J2000 by construction and drifting smoothly with
geological time (=74 ppm at the Devonian, —999 ppm at the
Earth-Moon genesis): Earth rotates about 122 million times
during each counter interval across the planet’s history. The
near-invariance is a near-cancellation between the drivers —
Driver 1 lengthens U in years while shortening days-per-year,
Driver 2 shortens the tropical year in seconds — and correct-
ing for the Driver-2 drift closes it exactly: with the sidereal
year following Kepler under mass loss (T o« AU?), the prod-
uct U Tyiq/LOD (AUy/AU)? is constant at every epoch of the
4.5-Gyr domain. Classified honestly, that is a theorem of the
counter’s definition and textbook celestial mechanics, not an
independent law (the full form, with its dual-divisor bridge,
is in doc 99 of the simulation repository); its use is as a con-
sistency statement of the device tier — a paleontological day
count and a cyclostratigraphic precession period measured at
the same epoch must satisfy it under the counter’s conven-
tion, and the Devonian already does: Wells’s ~400 days/yr
and the observed ~37 kyr obliquity beat (Boulila et al., 2018)
are its two sides at 380 Ma.

The second, the Lunar Precession Invariant, ties the
Moon’s perigee and node advance to the same counter and
is held exact at every epoch:

Tapsidgal X U = const, Thodal X U = const (16)
in year-units, equinox-of-date frame (the Meeus/IERS ob-
servable); equivalently the count of lunar apsidal and nodal
cycles per counter interval scales as (U(#)/Up)?. Its value is
set by the J2000 anchors — U, and the observed periods,
which give Nypsigar = 37,899.5 and Npogar = 18,014.875 cy-
cles per counter interval — S0 Tapsidat X U = UO2 [Napsidal =
2,966,728 yr? and Tyoqu X U ~ 6,241,369 yr?; the values
are empirically anchored, the constancy is the claim. The
U? form is the leading m? order of Brown’s lunar theory
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(Brown, 1896; Brouwer & Clemence, 1961), with the J2000
magnitude anchored from observation (Brown’s leading or-
der alone gives about half the observed perigee rate — the
classical Newton—Clairaut problem) and the (U/ Uyp)? evolu-
tion as the device’s claim, propagated with no polynomial
correction. Because the year-frame form involves no sec-
onds, Driver 2 does not enter and the invariant is preserved by
Driver 1 alone; the seconds-frame Brouwer—Clemence form
the lunar engine uses agrees with it to <100 ppm across the
Phanerozoic. Prediction 4 (section 9) reads Table 17.

Table 17: Lunar Precession Invariant across geological time on the
era-clock counter U. The product Typigar X U shown in the last col-
umn is the J2000-anchored value UZ /Napsigals2000 = 2,966,728 yr2,
held exact at every epoch by the device’s (U/Uy)? scaling. Topsidal
is displayed to 3 decimals for legibility; manual multiplication of
rounded U and T psi4a reproduces the constant to within ~0.01%.

Age (Ma) U ()’r) Tapsidal (}’1‘) Tapsidal x U ()’1‘2)

+200 (future)  ~352,600 8.414 2,966,728

0 (J2000) 335,317 8.848 2,966,728

-100 327,253 9.066 2,966,728

—380 (Devonian)  ~306,190 9.689 2,966,728
—-1000 264,346 11.223 2,966,728

-2500 173,033 17.146 2,966,728

6.9 Solar System Rescales Uniformly

Driver 2’s effect on every planet’s orbit is governed by the
adiabatic invariant a X My = constant. As M, decreases at
rate 9.3 X 107% per year, every a; increases at the same frac-
tional rate. Going backward in time the entire solar system
contracts uniformly: at the Devonian the solar system was
~35 ppm tighter than today, with Mercury at 57,907,130 km
(versus 57,909,176 today), Jupiter at 778,519,688 km (ver-
sus 778,547,200), and Neptune at 4,503,284,523 km (versus
4,503,443,661) — every distance moved by the same propor-
tional amount. At the Hadean the entire solar system was
~422 ppm tighter.

The structural consequence: planet orbit ratios are con-
served exactly across all epochs, and the secular g/s fre-
quencies rescale uniformly o< M. Driver 2 affects the spatial
scale uniformly without disturbing ratio structure — which
is why Earth’s spin-side periods can lengthen with the clock
while the orbital tier scales with the solar mass: the two tiers
scale on independent clocks.

6.10 Weighing the Ancient Sun: the 405-kyr Metronome
as a Mass Scale

Driver 2 turns the most stable clock in cyclostratigraphy into
a measuring instrument. Under adiabatic mass loss every
Newtonian secular frequency scales with the solar mass ar
first order (g, s o« M, the Laplace—Lagrange result; the per-
mode 1PN correction scales as Mé”f with f the mode’s rel-
ativistic share) — and the framework measured the response
beyond first order by ramping GM,, inside its own N-body
integration (a 1% step between two 4-Myr constant-mass
windows, with a constant-mass twin removing the system’s
natural inter-window frequency wander). The planets’ own
modes obey g o« My to 107#; but g5 and g¢ carry a Great-
Inequality-amplified second-order share (~12% and ~10%
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— the same neglected terms that put the true gs 13% above
its first-order value) whose mass-dependences cancel, so the
period of the 405-kyr g, — g5 cycle responds as M51'153i0'002
rather than exactly 1/Mg (measured at the J2000 configu-
ration, reproduced at two ramp amplitudes). The practical
reading is unchanged: a 1% heavier young Sun makes the
“405-kyr” cycle ~401 kyr at that epoch. Precisely dated Pre-
cambrian strata that record the cycle therefore weigh the Sun
at deposition time — an application first proposed on theo-
retical grounds by Spalding et al. (2018), whose 1/M, state-
ment is the first-order case; the framework contributes the
measured inversion and the measured exponent.

Two independent readings of the 2.5-Ga record give the
first rock-based bound: a ratio method on the Joffre/Kuruman
cyclostratigraphy (Lantink et al., 2022) yields u = M/M, =
1.007 + 0.139 at 2.46 Ga, and a sedimentation-rate-free
count-bracket inversion (two U-Pb-dated horizons bracket-
ing an integer count of long-eccentricity cycles) sharpens it
to u(2.48 Ga) = 1.00 £ 0.07. The bound is quoted through
the conservative first-order slope; the measured M514153 re-
sponse would sharpen the same data to +£0.061 — an adop-
tion deferred while the exponent, presently a single-source
result of the framework’s own engine, awaits an independent
leg (an analytic second-order derivation, or an external inte-
gration). The bound is consistent with a constant-mass Sun
and closes the massive-young-Sun window above ~14% at
20; sharper zircon dating of the same sections is the route to
a few-percent weighing.

Three methodological findings ride with the number. First,
every published deep-time cyclostratigraphic chronology as-
sumes u = 1 implicitly — the 405-kyr cycle is the as-
sumed reference chronometer — so anchors divide into
a pu-independent class (tidal rhythmites, coral and bivalve
growth bands, which count physical days directly) and a
p-conditional class (astronomically calibrated inversions);
the framework’s deep-time calibration validates on the u-
independent class alone, and only that class may calibrate
the precession clock 7T,(¢) in a joint inversion. Second, the
precession band is not a pure spin clock under mass loss: the
solar third of Earth’s precession torque scales as Mg (the a3
of a shrunken orbit times the mass), giving dp/p = 4fs(t) ou
with fs the epoch’s solar torque share — but fs shrinks into
the past (the closer Moon dominates), from 31.6% today to
~22% at 2.46 Ga, so the precession band becomes a better
pure spin clock exactly where the deep-time tests live, and
the two bands separate cleanly: the eccentricity band fixes u
with zero spin content, then the precession band tests 7, (f)
with the M? correction applied (Table 1). Third, the ruler’s
one known wobble is chaos: the g-frequencies diffuse over
Gyr without any mass change (Zeebe & Lantink, 2024). The
record itself measures the effect — the u-independent inter-
nal ratios of Lantink et al. (2022) show g; drifted ~6% since
2.46 Ga while g; — g5 moved only 0.4% — and the frame-
work’s own seven-clone N-body ensemble (initial conditions
perturbed at the ranging-uncertainty level, 4 Myr per clone,
NAFF-extracted frequencies) puts the g, — g5 clone-to-clone
scatter at 3 X 1078 /yr on the 3.14 " /yr beat — diffusively
< 107*% at 2.48 Ga, and even the literature’s saturated per-
cent-class Gyr drift (Zeebe & Lantink, 2024) folds into +0.07
in quadrature without moving it at quoted precision — so the
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bound is marginal over chaos, not conditional on its absence.

7. Mercury’s Perihelion: The Relativistic Sup-
plement

The framework’s settled position, stated first: Mercury’s
~43" [cy excess advance is General Relativity’s, in the model
too. The model carries the relativistic advance as a derived
supplement on its Newtonian chain rate — 529.03 +42.98 =
572.0” /cy, computed from the model’s own constants (GM,
¢, a, e; 6nGM/(c*a(1 — €%)) per orbit), zero fitted values,
additive and stated, never folded into a divisor. The sup-
plement is gated against the framework’s own N-body en-
gine: with the 1PN term on, the 9-body integration repro-
duces Mercury’s observed 1800-2100 window rate exactly
(the —43"/cy deficit against the ephemeris closes to —0.0),
and a standing assertion pins the measured closure to the de-
rived formula within 0.1”/cy. What the model adds is co-
ordinate bookkeeping: the apparent rates an Earth observer’s
equatorial frame produces are exact projections of the ecliptic
advances, which matters for reading the simulation’s Earth-
frame exports and is stated for all seven planets below.

7.1 The Equatorial Projection: Bookkeeping, Not Cause

Mercury’s perihelion precesses at 575.31 + 0.0015"/cy
(ICRF) (Park et al., 2017). Newtonian perturbations account
for ~532” /cy; the remaining ~43” has been attributed to
General Relativity since 1915. In the model Mercury’s peri-
helion advances in ecliptic longitude at the chain’s Newto-
nian rate 529.03"”/cy (its own integration over 1800-2100
with the relativistic term switched off). Expressed in right
ascension — the coordinate measured from Earth — a direc-
tion advancing uniformly in ecliptic longitude A advances at

the rate
da

dd  cos? A +sin® A cos e’
which at Mercury’s J2000 perihelion longitude (77.455°)
and the TAU 2006 obliquity equals 1.08036. The pro-
jected rate is 571.54” /cy, an excess of 42.51”/cy over
the ecliptic advance, against the general-relativistic advance
6nGM/(ca(l — €%)) per orbit evaluated from the same con-
stants, 42.98"/cy. The identity involves three inputs (the
chain’s Newtonian window rate, its J2000 perihelion longi-
tude, the TAU 2006 obliquity) and no fitted quantity. The
agreement is at the 1.1 % level and is not exact: ranging de-
terminations pin the inertial excess at 42.980 + 0.002" /cy
(Pireaux et al., 2003), and the EPM2008 residual to the rel-
ativistic rate is —0.004 + 0.005” /cy (Pitjeva & Pitjev, 2013),
so the projected value falls 0.47” /cy short of the measured
excess, many times its uncertainty. The Earth-frame rate the
simulation measures for Mercury, 576.19” /cy, is this pro-
jection plus the term the secular obliquity decrease (¢ =
—46.8"” /cy) adds to any right ascension, da/de-¢ = 4.31” /cy;
a closure gate pins this decomposition for all seven planets at
1900, 2000 and 2100 to better than 1”/cy.

The statement is made for every planet, and Table 18 is
its own test: the projection excess reproduces the relativistic
advance for Mercury and for no other planet.

The projection excess is a property of the measuring
coordinate, not of the orbit: it drifts with 4 and & by
about +0.3” /cy per millennium and swings between about

cos e

A7)

Table 18: The equatorial projection of each planet’s ecliptic perihe-
lion advance (Equation 17, J2000 perihelion longitudes, IAU 2006
obliquity) against the general-relativistic advance derived from the
same constants

Planet Ecliptic advance (" /cy) da/dA  Projection excess ("/cy)  GR advance (" /cy)
Mercury 529.03 1.08036 4251 42.98
Venus 14.09 1.00574 0.08 8.62
Mars 1,596.46  0.94195 -92.68 1.35
Jupiter 488.47  0.92805 -35.15 0.06
Saturn -1,576.66  1.08993 —-141.79 0.01
Uranus 806.60 0.92143 —63.38 0.00
Neptune 9,101.68  0.97447 -232.34 0.00

—44" and +48" /cy over Mercury’s 244-kyr perihelion cycle,
whereas the relativistic advance is fixed; and every published
determination is formed in ecliptic longitude — the rang-
ing fits to an inertial model with General Relativity inside
it (Park et al., 2017), and the classical equinox-of-date so-
lutions (Clemence, 1947), whose 42.56 + 0.94” /cy residual
carries a rarely emphasized ~1”/cy uncertainty — so there
is no step in any determination chain on which the slope of
Equation 17 could act. Together with the 0.47” /cy shortfall
against a £0.002” /cy determination and the all-planet failure
of Table 18, that is what settled the identity as bookkeeping
rather than cause; the simulation’s Earth-frame right ascen-
sion is a coordinate no observer publishes.

7.2 The Beat-Frequency Structure

The model predicts Mercury’s Earth-frame precession rate
oscillates with a dominant period of ~7,451 years (the J2000
reading; the period is the equinox-relative cycle of Mercury’s
perihelion and follows the two clocks of section 6 at deep
time). The fluctuation ranges from —47” to +50” /cy around
the ~529.0” baseline. This Earth-frame rate is a right as-
cension in the simulation’s equatorial frame — the chain rate
projected with da/dA (Equation 17) plus the obliquity-rate
term — and no observer publishes it; in ecliptic longitude,
the coordinate of every published determination, Mercury’s
rate is the constant chain value ~529.0” /cy, and the fluctua-
tion averages to zero over the full cycle.

7.3 The BepiColombo Test

MESSENGER measured 575.31 + 0.0015”/cy at epoch
~2013. BepiColombo (orbit insertion November 2026, sci-
ence operations from April 2027) provides the second high-
precision epoch. The model’s prediction is General Relativ-
ity’s — ~575.31” /cy again — because the model carries the
relativistic advance as its derived supplement; the mission is
a consistency check for both, plus a bound on any secular
change of the advance between the two epochs. The Sun’s
gravitational quadrupole moment (J,), which varies with so-
lar activity (Mecheri & Abdelatif, 2022), remains a genuine
systematic uncertainty that BepiColombo will help resolve.

Part II1: Predictions and Validation

8. Calibration, Validation, and Transparency

8.1 Free Parameters

The model’s inputs are kept in three ledgers, and the honest
count of free parameters is taken per ledger.

22
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Ledger 1 — the orbital dynamics engine (the planets
and Earth’s orbit). Free parameters: none. One J2000 he-
liocentric state for the eight planets (JPL Horizons vectors),
the DE440 mass ratios and the standard 1PN correction are
taken as published; the element chains, the secular mode ta-
bles, the 405.6-kyr eccentricity metronome and the obliquity
hybrid are derived from that seed. Integrator order and step
are reproducibility conventions. This ledger is the planets’
orbits — their positions and elements of date — and the per-
planet long-period descriptors this paper tabulates as well:
the perihelion and node periods are the chain’s leading secu-
lar eigenfrequencies and the inclination and eccentricity are
read from the same integration, so they carry no fitted con-
stant and are accounted here rather than in Ledger 3.

Ledger 2 — the lunisolar precession channel (Earth’s
spin and time). Free parameters: none. The precession an-
chor py is the certified J2000 year laws’ beat; the solar torque
share is computed from GM,, the lunar constants and the
J2000 obliquity; the lunar recession history is the LLR rate
with the Farhat 2022 deep-time terms and regime knots fitted
to eleven published anchors; the GIA channel’s gain is de-
rived from the Cox—Chao J, and its relaxation time is mea-
sured against the historical AT record; the solar mass-loss
rate is cited. Two measured histories sit behind fail-proven
gates (the 41 paleo anchors, the eclipse record).

Ledger 3 — the frozen era device. The certified time-
domain machinery — the cardinal-point and year-length
combs, the AT stack’s cycle terms and the scene’s device ge-
ometry — carries five recorded constants — the correction
bases’ unit and phase, and the scene’s J2000 pose — and the
coefficients of its bounded harmonic bases:

Table 19: The era device’s five constants (Ledger 3). None of them
enters the published Earth orbit or the published clock (Ledgers 1-
2).

The correction bases’ harmonic coefficients (the year-length
and cardinal-point combs, the AT stack’s amplitudes and
phases) are fitted by the published pipeline against the
model’s own N-body movement and, for the AT stack,
against the Stephenson et al. (2016) residual. Two scalars
are then selected separately — the USNO mean-day basis
and the AT trend anchor — by sweeping them against the
Espenak & Meeus (2006) polynomial over 1650-2017. Both
references therefore enter the calibration, at different points
and in different ways, and neither is held out: an RMS quoted
against either is an in-sample number. Their divisors are
integer fractions of the anchor unit, selected beforehand by
a scan over candidate divisors and then held fixed through
the amplitude-and-phase solve — fixed at fit time, not un-
searched. A pre-registered test found the integer labels carry
no information beyond the periods they name, so what the
basis contributes is the periods, not the integers. The climate
formula’s per-line amplitudes (subsection 5.4) are fitted per
regime to the sediment record and are declared as such where
they appear.

Table 20: Genuine predictions (not used in calibration)

Prediction Model Reference value

Obliquity at 9,233 BC
Obliquity at 11,725 AD

Perihelion long. 1000 AD

Eccentricity (J2000), the series’ secular element
Incl. to inv. plane (J2000)

Agreement
+0.32°

+0.07°

~0.021°

two conventions, 7.8¢-6 apart
+0.0001°

24.1973°  24.1956° (La2004)

22.6100° 22.6117° (La2004)

85.767° 85.788° (Meeus)

0.01670244  0.01671022 (IAU/Standish mean element)
1.57869° 1.57869° (S&S 2012)

8.2 Assumptions vs Measurements

It is useful to draw an explicit line between what the model
takes as given (assumptions and free parameters) and what
falls out of the fit (measurements). Together they cover every
numerical claim in this paper.

Table 21: Explicit partition: what the model takes as given vs. what
falls out of the fit. The right column contains every numerical result

tabulated in the rest of the paper not in the left column.

Assumptions (given)

Measurements (fall out of the
fit)

One J2000 heliocentric state,
the DE440 mass ratios, the
1PN correction (Ledger 1)
Newtonian gravity

The TAU 2006 J2000 obliquity
as the obliquity hybrid’s initial
condition

The LLR recession rate and the
published deep-time recession
anchors; the Cox—Chao J,; the
solar mass-loss rate (Ledger 2)
The era device’s harmonic
obliquity carrier (the published
obliquity is derived, Ledger 1)

The era device’s five constants
(table above) and its bounded
harmonic bases

Year lengths (tropical, sidereal,
anomalistic, four cardinal-
point)

Day lengths (solar, sidereal,
stellar)

The J2000 precession anchor
Po (the year laws’ beat) and its
composed deep-time rate

Each planet’s ecliptic and
ICRF perihelion advance at
any epoch, from the N-body
chain

Mercury’s relativistic supple-
ment closing the chain against
the ranging determinations
(section 7)

The secular mode frequencies
and the 405.6-kyr metronome,
with its measured mass-

response exponent

The 28 physical beat lines of
the climate formula (ampli-
tudes fitted per regime, posi-
tions derived)

The invariable plane and every
planet’s inclination and node
on it (section 3)

All long-period cycles (ec-
centricity, obliquity, inclina-
tion, ascending node) for every
planet

8.3 The Ledger Lock: No Isolated Knobs

A central methodological feature of the model is that it has no
separate slider for any single observable. There is no param-
eter labelled “Mercury anomaly,” “Saturn perihelion rate,”
“axial precession,” or “100-kyr cycle amplitude.” Each of
those quantities — and every value in the right column of Ta-
ble 21 — emerges from the three ledgers above with nothing
tuned per observable.

Concretely: changing the J2000 heliocentric seed, a cited
constant of the precession channel, or one of the era device’s
five constants by a small amount propagates through every
downstream observable. Year lengths shift, day lengths shift,
the planets’ nodes and perihelia shift, eclipse timings shift,
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the Mercury closure shifts, the climate formula’s line posi-

tions shift. Reciprocally, no observable can be made to agree

with reality at the expense of another — the model is end-to-
end locked.
This property has two consequences:

e Predictive power: once the seed state, the cited histories
and the device constants are set, every numerical predic-
tion in this paper (the composed precession rate, the per-
ihelion advances of all eight planets at any epoch, the 28
physical beat lines, Mercury’s closure, the Jupiter—Saturn
epicycle Saturn’s perihelion rides) is determined without
further tuning. Predictions that disagree with observations
cannot be patched in isolation.

o Falsifiability: the model commits to one dynamical seed
and one composed clock. A genuine measurement that
contradicts any one observable propagates the same way
— it would force the fit elsewhere out of agreement. The
three pre-registered legs of section 9 name the observations
that decide it.

8.4 The Simulator’s Frame

The 3D simulation that produces every measurement in this
paper is geocentric and represents Earth’s two precessions
with two reference points — mathematical constructs, not
physical objects (Figure 14). The EARTH-W0BBLE-CENTER cir-
cles Earth clockwise (as seen from the north ecliptic pole)
once per axial precession, ~25, 771 years at J2000, and marks
the precession (solstice) direction; the PERIHELION-OF-EARTH
orbits the Sun counter-clockwise once per apsidal period,
~111,635 years, and marks the direction of Earth’s closest
approach — a direction, not a distance, since how elliptical
the orbit is comes from the N-body series. The two are an
alternative representation of the same phenomena, as geo-
centric and heliocentric coordinates both describe planetary
positions, and no model quantity is measured from them: the
Sun, the Moon and the planets are placed by the engines, and
the scene reads the engines’ output.

8.5 Historical Observation Validation

The 3D simulation is checked against a curated set of over
700 catalogued events — Mercury and Venus transits (~190),
Mars oppositions (~140), Jupiter—Saturn great conjunctions
(~150) and mutual planetary occultations (~100) — drawn
from a verification corpus of over 8,000 data points that
reaches back to ~2000 BC and forward through catalogued
predictions. Accuracy: < 1’ for the current epoch (100 yr),
< 5’ for historical (+1,000 yr), < 15" for ancient (> 2,000
yr). Against JPL Horizons, the published joint RA+Dec
RMS over 2000-2099 is: Sun 1.03”, Moon 15.6”, Mercury
15.7”, Venus 30.7”, Mars 35.7”, Jupiter 10.3”, Saturn 13.4”,
Uranus 16.4”, Neptune 11.5” — every target inside 0.012°
across 1800-2100, and inside 0.03° across the full 1600—
2399 span the comparison covers. The comparison is pub-
lished, never tuned.

Independent observation benchmark. The accuracy fig-
ures above measure the model against modern numerical-
integration ephemerides (JPL DE440/441, IMCCE IN-
POP19), which are themselves models. The model has also
been compared with direct sky observations independent of

PERIHELION
T=~111,569 yr (CCW)

e = 0.0167 (J2000)

e =0.00237 (~28,800 AD)

NOT TO SCALE

Figure 14: The simulator’s two reference points. Earth or-
bits the EARTH-Wo0BBLE-CENTER clockwise (CW) with period 7' =~
~25,771 years, while the PERIHELION-OF-EARTH orbits counter-
clockwise (CCW) around the Sun with period T = ~111, 635 years.
The ratio of their periods at J2000 is a reading of two different clocks
(subsection 2.2). Not to scale.

any modern ephemeris: Tycho Brahe’s pre-telescopic Mars
declinations (1572-1601, Opera Omnia vols. 10-13; 913 ob-
servations after transcription cleanup), the NASA/Espenak
Mercury and Venus transit catalogues, and the Project Pluto
mutual planetary occultation catalogue. The one statistically
meaningful row is Mars: the model matches Tycho’s decli-
nations at a median 0.18°, the same level as its own residual
against INPOP19 at that epoch (0.24°). For the other plan-
ets the independent samples are small (n = 2-29) and con-
sist of transit and occultation events, whose declinations are
fixed by the event geometry rather than by the planet’s free
motion, so they cannot adjudicate between the model and the
ephemerides at those epochs; they show only that the model’s
growing residual against JPL outside its 1800-2100 window
is not reflected in the direct observations that exist there. No
claim is made that the model outperforms the ephemerides.

8.6 Comparison with JPL DE440/441

The JPL Development Ephemeris (DE440/441; Park et al.
2021) is the gold standard for solar system dynamics, with
independent confirmation from INPOP (Fienga et al., 2011)
and EPM (Pitjeva, 2010) ephemerides.

Figure 15 is the direct comparison for the quantity Ledger
1 covers: the chain’s inclination of date against DE441 over
the span the ephemeris spans. The root-mean-square dif-
ferences run from 0.002° for Neptune to 0.023° for Mars,
and they include the osculating short-period wiggle that the
model’s secular curves average out — so they bound the dis-
agreement rather than measure it.

The model and La2004 agree within 0.001-0.01° from
—1,000 BC through 5,000 AD — essentially exact over this 6
kyr window. Agreement remains within 0.1° from 7,000 AD
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Inclination of all planets — to the J2000 ecliptic, 250,000 BC — 100,000 AD
~—— Mercury Venus  —— Mars = Jupiter — satum  ~— Uranus - Neptune

JPL Horizons DE441 (dotted; shaded span ~9998...+9999)

o
250,000 BC

200,000 BC 100,000 BC 50,000 BC 0 50000AD 100,000 AD

Years (BC / AD)

Figure 15: Orbital inclination of date to the fixed J2000 ecliptic,
—250,000 to +100,000 years. Solid curves are the model’s own
N-body chain elements; JPL Horizons DE441 (Park et al., 2021)
is overdrawn dotted inside the shaded band spanning —9998 to
+9999, where the two are indistinguishable at this scale. Per-planet
Arms over the overlap: Mercury 0.016°, Venus 0.011°, Mars 0.023°,
Jupiter 0.010°, Saturn 0.019°, Uranus 0.005°, Neptune 0.002°.

Table 22: The era device’s obliquity law vs. La2004 (Laskar et al.,
2004); the published obliquity is the derived one of subsection 4.1

Year Model La2004 Dift.
1000 BC 23.8143°  23.8144° +0.011°
J2000 23.4393°  23.4393° 0 (calib.)
3000 AD 23.3098°  23.3099°  +0.0004°
5000 AD 23.0640°  23.0639°  +0.001°
7000 AD 22.8554°  22.8553° -0.005°
10,000 AD  22.6535° 22.6534° —0.04°
12,000 AD 22.6081° 22.6081° —0.07°
20,000 AD  23.0628° 23.0630° —-0.29°

through 12,000 AD. By 20,000 AD the two diverge by
~0.29°, with La2004 oscillating back upward while the era
device’s harmonic law continues its bounded oscillation. The
published obliquity is the derived one, which tracks La2004
to 1.2” rms over the last 100 kyr and 13.5” rms over the last
million years (subsection 4.1).

Table 23: The model’s eccentricity (the N-body series) vs. Laskar
et al. 2004 — theory against theory

Year Model Laskar et al. 2004
J2000 0.01670 0.01670

5,000 AD 0.01533 0.01534

11,725 AD 0.01157 0.01156

27,000 AD  0.00265 0.00263 (near min)

Both integrations decline together through the coming
minimum near 27,000 AD; the model’s series and La2004 are
two integrations of the same secular system, so the compari-
son is a consistency check, not a model-vs-standard discrim-
inator. The engine’s g, reads 7.4524" /yr against La2004’s
7.452"yr and its gs 4.2574” [/yr against 4.257”/yr, so the
long-eccentricity beat lands at 405.6 kyr (La2004: 405.7;
the rock record: 405.6). The integration carries the Moon’s
quadrupole term on the Sun—Earth interaction and the three
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largest asteroids; with the Earth—-Moon pair merged into a
single point mass g, reads low and the beat long, so the
Moon’s share of the metronome is a measured quantity of
the engine.

8.7 Error Analysis

The published obliquity and eccentricity carry no propa-
gated device uncertainty; their error statements are their com-
parisons with the independent integrations — the published
obliquity at 1.2”” rms against La2004 over the last 100 kyr
and 13.5” rms over the last million years (subsection 4.1),
and the N-body series against La2004 at the level of Table 23.
The era device’s harmonic obliquity law, which the simula-
tor’s scene still renders, carries its fitted amplitude’s +0.01°,
growing linearly in time (~+0.2° by 12,000 AD); it is a scene
quantity, not a published one.

8.8 The Derived Sun: The Certified Apparent Solar Lon-
gitude (DST-1)

The apparent solar longitude driving every eclipse com-
putation in this paper is assembled from the framework’s
own structure with zero fitted solar constants, and is ver-
ified at 1.03” RMS against JPL over the modern window
— where the Meeus Ch. 25 reference itself, measured on
the same window and instrument, reads 1.02”. Classical
practice adopts the Sun from a fitted series (Meeus Ch. 25,
VSOP87, or a numerical ephemeris); the framework instead
composes it: A(f) = Lo + Nyop(t — 19) + D(1) + EoC(e(2), M(2)),
where Ly and the perihelion longitude are the two J2000 an-
chors, nyop is the framework’s mean tropical rate, and every
remaining element is derived.

The drift term D(¢) is the integral of the model’s own year-
length physics. The tropical year oscillates on the era de-
vice’s bounded harmonic basis (twelve lines on fixed frac-
tions of the anchor unit), dominated by a line at the obliquity
period (~41,098 yr) of 19.28 s and a line at the inclination
period (111,635 yr) of 7.23 s, their amplitude ratio the exact
8:3 of their periods — one oscillation per equinox cycle —
and the common amplitude factor is not fitted: it is A cote,
with A = 0.63607° the invariable-plane inclination ampli-
tude (itself pinned by the IAU 2006 obliquity rate) and ¢ the
mean obliquity. A second, initially underestimated contri-
bution enters through the luni-solar torque: the precession
rate is obliquity-dependent (6p = —py tan € d¢), and integrat-
ing this modulation on the basis scales the two drift harmon-
ics by 1 + potan’e T;/(2r), T; the line’s period — 1.306 for
the obliquity-period line and 1.815 for the inclination-period
line. (A quadrature argument had suggested a ~3% effect;
re-derivation showed both mechanisms lengthen the year at
obliquity maximum and therefore add. The historical record
then confirmed the structure independently of the derivation:
the ancient eclipse corpus preferred the term’s per-divisor
scaling before it existed; see subsection 8.10.) D() is eval-
uated in closed form — each harmonic’s exact antiderivative
on the integrated basis phase plus a sine-saturated rebase that
pins the drift and its slope to zero at J2000 by construction
— so no lookup table and no fit window exist anywhere in
the chain, and the same expression is bounded at deep time.
The eccentricity and perihelion longitude entering the equa-
tion of centre are the model’s own N-body series with the
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derived mean-element offset of the era (the series’ secular
element against the IAU mean element), and the cardinal-
point chain reads the same source; the lunar theory’s eccen-
tricity channel rides the same engine’s +10-Myr mode ta-
ble, anchored at J2000 to the observed eccentricity and its
rate (subsection 8.9). One eccentricity for Sun and Moon
is a consistency requirement rather than a choice: eccentric-
ity is frame-invariant and carries only the secular frequen-
cies, whereas the perihelion-of-date cycle (20,938 yr) is the
inertial perihelion motion seen from the precessing equinox
(1/Tpei = 1/T, +1/T4y) and belongs to the perihelion longi-
tude. The planetary completion carries no Sun-only nutation
term: the chain keeps Sun and Moon on the mean equinox of
date, where nutation cancels in eclipse geometry, so a nuta-
tion term on one body alone would be a frame inconsistency.

The assembled longitude is implemented once, in the pub-
lished physics package, and consumed identically by the
eclipse tier finders, the Besselian umbra engine, the veri-
fication engine, and the browser simulation — the visible
scene rides the same certified longitude through a single
overlay term & = Acertified — Awin applied inside a clock-
convention window (full weight within 3,000 years of /2000,
where the eclipse record lives on the TT clock, tapering to
zero at 20,000 years where the deliberately-UT deep-time
scene would clash with a TT-clock Sun). Against the NASA
eclipse-path canon the chain places the computed umbra cen-
terline at 5.7 mean / 10.9” maximum shadow-plane residual
over 14 reference events and 42 fixed points (1900-2026).
None of the historical-eclipse results below were used in con-
structing the Sun; they are predictions of the assembled struc-
ture. The complete derivation record, including the measured
rejected alternatives, is public (“The Derived Sun” (DST-1)
on the project website; docs 65 and 99 in the simulation
repository).

8.9 The Derived Moon:
Theory (DLT-1)

Every constant of the Meeus Ch. 47 lunar theory used by
the model carries an origin in the framework: derived
from framework constants plus Newtonian gravity, at-
tributed to a documented convention, observationally de-
fined by a proven hypersensitive resonance, or anchored
by design as a J2000 initial condition. The classical lu-
nar tables (Brown, ELP2000, distilled by Meeus) are adopted
numbers without origins; the framework re-derives the same
theory in Meeus’s own form using a first-principles three-
body laboratory built from the model’s constants alone, with
no re-fitting. The remaining fitfed content of the entire lunar
theory is a single 5.1” residual term plus coefficients below
0.15” — and the 5.1” term is itself decomposed by direct
measurement, every part in one sign convention. The patch
is Meeus — JPL: —1.13"” is named series truncation against
the full 37,863-term ELP-2000/82B series (almost entirely
the planetary family, which the abridged tables compress into
three additive terms), and the remaining —4.05" is the offset
between analytic lunar theory and the JPL DE441 numeri-
cal ephemeris the correction was fitted against. That second
half is not a step between analytic lineages: ELP-2000/82B
and ELP/MPP02 agree to 0.03"” on this term, so both sit
together and JPL sits ~4” from each. It therefore has no

A Framework-Native Lunar

series-term decomposition in any analytic theory, and is flat
rather than growing across 2000-2050 — a fixed represen-
tational difference, attributed by cause rather than by term;
documented model lineage, not free physics. Exactly one
constant carries the observationally defined label: the drift
rate of Meeus’s small Venus-driven correction argument A
(131.849°/century), which sits on the 18V — 16E — M’ near-
resonance where parts-per-million differences in the plane-
tary year lengths shift the beat by degrees per century —
the framework establishes the mechanism, but no finite the-
ory pins the value. All values quoted in this subsection are
J2000-epoch values; their deep-time evolution is the subject
of section 6.

The derivation covers all four content layers of the se-
ries. Periodic amplitudes: the top-20 longitude perturba-
tion amplitudes are reproduced from three-body gravity at
100.0 + 0.1%, and the latitude family at 100.02% once the
inclination convention is resolved — the lunar orbit holds no
fixed inclination — it oscillates between ~4.98° and ~5.30°
over the 18.6-year node cycle — so the familiar 5.145°
is a particular normalization rather than the mean of that
swing. The catalog constant 5.1453964° is Brown’s sin F-
normalization of the latitude series; the mean of the oscilla-
tion itself, measured from the same theory via its angular-
momentum vector, 1S 5.1573°. Both are correct in their own
convention, and the laboratory reproduces the ratio between
them from pure gravity to 0.01%; the latitude family closes
on the dynamical value. Fundamental arguments: the simu-
lation’s shipped default computes the five fundamental argu-
ments framework-natively rather than from Meeus’s empir-
ical polynomials. The linear rates follow from the frame-
work’s star-referenced chain plus its own general preces-
sion p = 360°/T,, which closes an otherwise-unexplained
+1.4°/century frame-bookkeeping drift in M’ and F with zero
new constants. The empirical 72/T3 secular terms are derived
from a single physical channel: the solar perturbation on the
lunar node and perigee scales as (1 — e2)™/?, and Earth’s de-
clining eccentricity weakens it secularly. The node’s Meeus
T? coefficient emerges at sensitivity 1.018 = 1 (+7.34 pre-
dicted vs +7.47 arcsec/cy2 empirical — a derived match);
the perigee requires one anchored Clairaut-type sensitivity
(2.407, the classical =2 rate amplification of apsidal mo-
tion), constant across orders. The eccentricity history driving
the channel is the engine’s own +10-Myr mode table — the
quasi-periodic form of the same integration that moves the
planets, in anchored form: value and slope pinned at J2000
to the observed eccentricity and its rate so the channel
is bounded at every epoch where Meeus’s polynomials di-
verge. (The solar equation of centre in subsection 8.8 reads
the banked series of the same integration with the derived
mean-element offset; the two agree within 4 x 107> across
the historical era. Eccentricity is frame-invariant and carries
only the secular frequencies, while the perihelion-of-date cy-
cle is the inertial perihelion motion seen from the precessing
equinox and belongs to the perihelion longitude — one in-
tegration behind the Sun and the Moon.) This dissolves a
classical sign puzzle — Brown’s m? theory predicts the lunar
perigee accelerating while the empirical polynomial deceler-
ates: both are true, since the tidal mean rate slowly acceler-
ates (the Lunar Precession Invariant of Equation 6.8) while

26



D. van Sonsbeek

The Expanding Solar System Resonance Theory

the eccentricity channel is a bounded oscillation around it,
currently in its decelerating phase. The remaining two argu-
ments are identity-composed (D = L' — Ly, M = Ly — wg)
with secular content from the model’s real-time precession
rates (the epoch-local values around their T, and perihelion-
of-date means), completing a fully bounded five-argument
skeleton with zero new constants.

The Moon’s axial tilt: the obliquity of the lunar spin axis
to the ecliptic — the one independently measured member
of the catalog “tilt to orbit” composition — follows from
the same machinery. The Moon occupies Cassini state 2,
its spin axis co-precessing with the orbital node; the equilib-
rium obliquity is fixed by the gravity-gradient torque on the
locked triaxial figure balanced against the node regression.
Taking three published gravity constants (Jo, C, C/MR?
from GRAIL and lunar laser ranging, Williams et al. 2014)
together with the framework’s own sidereal month, node rate
and mass ratio, and integrating the full rigid-body rotation
— three rotational degrees of freedom, torque from Earth
and the Sun over the real orbit, no averaging assumption —
gives € = 1.5470° against the measured 1.5424°: a match to
100.30% with nothing fitted. The averaging shortcut is worth
recording as a caution: solving the same problem as an av-
eraged torque balance for a body spinning uniformly about
a fixed axis gives 1.5551°, because such a balance cannot
contain the coupling between the pole and the physical libra-
tions; that coupling accounts for 64% of the difference from
the measurement. The physics here is classical (Colombo
1966; Peale 1969) — what is new is only that the framework
supplies the dynamical inputs and reproduces the observed
tilt without adopting it. The residual 0.30% is the size of the
known small channels not modelled (elastic tidal modifica-
tion of the effective moments, degree-3 gravity, a two-layer
fluid-core treatment) and is left stated rather than absorbed.

The secular budget against primary sources: the full T2
coefficient of the lunar mean longitude decomposes, with
zero free parameters, into the tidal channel, the Adams—
Laplace planetary channel (Chapront et al., 2002), the Earth-
figure (J) term, and the frame precession-acceleration term,
closing against the empirical value to 0.08”/cy?; the 7 tail is
derived at 98.8% from the same channel’s curvature, and the
equinox precession acceleration p is composed from the lab-
oratory’s gravity-derived ecliptic-pole motion plus the frame-
work’s obliquity law at 104% of the IAU2006 value. Optics:
the fitted right-ascension/declination correction historically
carried by the simulation dissolves into analytic annual aber-
ration plus the single 5.1” residual term decomposed above.

The framework-native configuration is certified statis-
tically indistinguishable from the pure-Meeus polynomi-
als across the full NASA lunar canon (physical-event re-
call 99.6%, type accuracy within 0.15 percentage points of
the Meeus-argument reference) while remaining bounded at
deep time; re-certification after the identity-composed D/M
completion left physical recall identical, moved opposition
timings marginally closer to NASA than the pure-Meeus
polynomials, and reclassified five events at the documented
+0.02 magnitude type boundary. The series was subse-
quently extended in three derived rounds, none of them fit-
ted: five further Delaunay terms from the same three-body
laboratory; the five-term node family (arguments on the lunar
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node, M’ + Q, 2F + Q, 2D + Q, F — Q, which no integer
Delaunay catalog contains) — produced by the laboratory
only once Earth’s oblateness is included, and certified by re-
deriving the classical theory’s two documented J, additives
at 1.03 and 0.97; and 76 main-problem terms lying just be-
low the Meeus tables’ 0.4” cutoff in argument classes no ear-
lier extraction had enumerated, each confirmed real against
dense JPL positions and derived at the census amplitude (the
four the laboratory could not reproduce were left out). The
shipped theory stands at 2.84” (longitude) / 0.35” (latitude)
RMS against JPL over the modern window — the latitude at
the resolution floor of the comparison itself, since the refer-
ence analytic theory agrees with JPL to only ~0.33” there —
with the ~4” analytic-vs-DE441 representational offset iden-
tified above. Further longitude gains were measurable only
by adjusting head amplitudes toward their ephemeris-fitted
values, and were declined to preserve the every-constant-
derived discipline. The complete derivation record — every
experiment, budget, and gate — is public: the presentation
document “The Derived Moon” (DLT-1) on the project web-
site, and the technical record in the simulation repository (doc
66; see Data Availability).

8.10 Historical Solar Eclipse Validation: Pure-Tidal +
a(t) AT vs Stephenson Empirical Fit

The AT formula derived in subsection 6.2 from the lunar-
distance evolution of Farhat et al. (2022) and angular-
momentum conservation, together with the LI-orbital-
coupled a(f) GIA correction derived in subsection 8.11 from
independent satellite gravimetry and tied to the L1 orbital
layer of the Climate Formula, has been tested directly against
the documented historical solar-eclipse record. This subsec-
tion presents the solar visibility test; the higher-resolution lu-
nar timing test on the 267-event working set from Stephenson
et al. (2016) is in subsection 8.11.

The solar test proceeds in two steps. First, a
AT-independent Moon-polynomial cross-check against the
NASA Five Millennium Catalog on 11 canonical events
isolates Moon-polynomial accuracy from AT contribution.’
Second, a scan-window alignment audit on 26 documented
events spanning —762 Bur-Sagale/Nineveh to 2026 Burgos
tests whether the framework’s own predicted umbra track
reaches the documented observation site within a +4-hour
window; the audit uses the model’s own predicted UT and
umbra track, so it is AT-polynomial-free and independently
indexes the framework’s Earth-rotation prediction against the
documented record.

Moon polynomial cross-check against NASA. As afoun-
dation step the simulation’s Moon polynomial (Meeus
Ch. 47, 60 longitude + 60 latitude perturbation terms) was
cross-validated against the NASA Five Millennium Catalog
of Solar Eclipses (Espenak & Meeus, 2006) for n = 11
canonical events spanning —524 to 985 CE. The compari-
son is performed in Terrestrial Time and is therefore AT-

2A prior test entry labelled “Cambyses eclipse” was excluded after
Stephenson (1997) confirmed that no documented Babylonian solar eclipse
exists from Cambyses II’s reign — the Cambyses-era eclipses recorded in
the Babylonian astronomical diaries and Ptolemy’s Almagest V.14 are both
lunar.
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independent: any residual is purely a Moon polynomial ac-
curacy question. The mean |TT| residual is 6.9 minutes,
worst case 14.0 minutes (year 980). This is the expected
Meeus Ch. 47 polynomial residual at ~ 1,000 years from
J2000 (=~ 0.13° in Moon ecliptic longitude). The polynomial
holds across the entire historical eclipse record without deep-
time correction. (This diagnostic characterises the Meeus-
argument polynomial baseline; the shipped chain — the de-
rived Sun of subsection 8.8 and the extended derived lunar
series of subsection 8.9 — reads 5.7"” mean umbra-centerline
residual on the modern NASA canon.)

The lunar series feeding both tests is itself framework-
derived: every constant of the Ch. 47 theory carries a derived,
attributed, observationally defined, or design-anchored origin
(subsection 8.9).

Alignment audit on 26 documented eclipses. For each
of the 26 documented events, the framework’s own simu-
lation produces both the model UT of greatest eclipse and
the umbra-track geometry at that UT. Over a +4-hour scan
around each documented preset UT, the audit records where
the model umbra passes closest to the observation site and
classifies each event into one of five verdict categories, sum-
marized in Table 24. Two summary metrics roll up: align-
ment (peak umbra hits the observation site at or near the
framework’s own UT) and scan-reach (some moment within
the +4-hour window brings the umbra within 1,000 km of the
observation site).

Table 24: Framework AT vs 26 documented historical solar
eclipses (=762 to 2026 CE), 5-verdict distribution over a +4-hour
scan window per event. Alignment = confirmed + off-peak; scan-
reach = alignment + regional + AT +regional.

Verdict category Count
Confirmed (peak umbra hits observation site at framework’s own UT) 2/26
Off-peak (peak umbra hits observation site near, not at, framework UT) 14/26
Regional (scan-window match, umbra within 1,000 km at some AUT # 0) 5/26
AT +regional (framework UT differs and umbra needs AUT to reach site) 0/26

Geographic class (umbra centerline > 1,000 km at every scanned moment; penumbra may still cover the site) ~ 5/26

16/26
21/26

Alignment (confirmed + off-peak)
Scan-reach (alignment + regional + AT +regional)

The framework umbra reaches the observation site in
21/26 events within the +4-hour scan window, and lands
at or near framework-UT peak on 16/26 events. The audit
is AT -polynomial-free: it uses the model’s own predicted UT
and umbra track, so it is an independent test of the model’s
Earth-rotation prediction against the documented record —
not a comparison against any smoothed observational fit. The
5 regional matches carry small AT-signal offsets but succeed
on the scan-window criterion. The 5 geographic-class events
are the late-tenth-century Cairo cluster (four events) plus the
—647 Babylon early-diary partial, and for these the class is a
site-association artifact rather than a path error: the model’s
central paths for the Cairo-dated eclipses match the NASA
canon’s greatest-eclipse positions to 65-290 km, and the
records themselves are partial-phase observations — the first-
hand Ibn Yunus 977 report is a genuine 0.60-magnitude par-
tial at Cairo, while the second-hand Said al-Andalusi entries
are adjudicated as duplicates (978, 979 — the 977 Dec 13
eclipse) or misdated (985 — 982 Sep 20). The class records
umbra-centerline distance, not eclipse visibility: at high y
the shadow strikes the tilted Earth obliquely and the penum-

bral footprint spans thousands of kilometres, so partial-phase
records at off-path sites are exactly the expected presenta-
tion — the —135 Babylon diary’s planets-visible language
is consistent with this. The full adjudication (including the
chronology-free sexagenary-day identification of the —708
Lu record) is documented in the simulation repository.

The non-tidal contribution: full Munk-MacDonald re-
jected, GIA-scale confirmed, fractional non-tidal carried
by the Core-mantle swing. Before the a(f) GIA correc-
tion was added to the model, the pure-tidal-only AT showed
a constant linear excess over Stephenson of approximately
1.96 s/yr integrated into the past: ~ 4,850 s at year —524 and
~ 2,048 s at year 977. This pattern was suggestive of a con-
stant Length-of-Day difference of order 5-6 ms — the mag-
nitude of the canonical Munk-MacDonald non-tidal Earth-
rotation assumption (Munk & MacDonald, 1960), conven-
tionally attributed to glacial isostatic adjustment plus core-
mantle coupling.

With the L1-orbital-coupled a(#) correction now incorpo-
rated (see subsection 8.11 for derivation), the constant linear
excess is absorbed in the ancient era: pure-tidal + a(f) at
year —762 agrees with Stephenson to within ~ 50 s. The re-
maining structured signal is a bump-shaped medieval resid-
ual peaking in the 840-1020 CE window (exact peak year
is reference-polynomial-dependent), plus a small fractional
non-tidal channel of ~0.5 ms/century (window-average) de-
tected in the higher-resolution lunar timing test, carried by
the Core-mantle swing episode — characterized fully in sub-
section 8.11.

Umbra-centerline diagnostic on the conventional docu-
mented dates. A diagnostic effort tightened the 1,000 km
penumbra-reach criterion of Table 24 by roughly 10X to the
umbra centerline itself, and en route isolated and removed an
ad-hoc visualisation-layer rotation overlay (a AT X 27/86400
correction layered on top of standard GMST(UT1)) that had
made the visible umbra disc render at the geographic loca-
tions Stephenson et al. (2016) documents while masking a
systematic offset relative to the model’s underlying pure-tidal
physics. Under the current umbra chain — the framework-
native Sun of subsection 8.8 and the derived lunar series
of subsection 8.9, through a single Besselian umbra imple-
mentation in the published physics package — the center-
line instrument reads, at the conventional documented dates:
—708 Lu State 9 km, —556 Nabonidus 104 km, —762 Bur-
Sagale/Nineveh 174 km, —584 Thales/Anatolia 211 km, and
—135 Babylon 170 km — the entire first-hand ancient cor-
pus at off-peak class with no chronology re-attribution re-
quired (an earlier +14-yr Lu re-attribution hypothesis is with-
drawn: the Chungqiu’s sexagenary-day record identifies the
traditional —708 date uniquely, chronology-free). On the
modern NASA eclipse-path canon the same chain reads 5.7
mean / 10.9” maximum shadow-plane centerline residual
over 14 events and 42 fixed reference points. The 21/26 scan-
window result of Table 24 sits above this centerline test as a
broader threshold, and both are satisfied by the same under-
lying model geometry.
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The —135 Babylonian eclipse. The —135 April 15 Baby-
lonian eclipse (recorded in the Babylonian astronomical di-
aries BM 45745 + LBAT 1285, four-planet astronomical fin-
gerprint, double-dated Arsacid Era 175 = Seleucid Era 239;
one of the most scholarly-secure attributions in the historical
corpus, re-confirmed by Stephenson & Steele (2006)) is an
off-peak-class row of the verdict taxonomy in Table 24. The
framework’s own UT of greatest eclipse (06 : 05) is within
9 minutes of the documented UT (06 : 14) — essentially no
AT-signal on this event — and within the +4-hour scan win-
dow the framework umbra passes within 170 km of Babylon
at AUT = —0A53, with the framework’s local-circumstance
computation reading deep-totality-boundary magnitude at
the site on the traditional date. The Meeus Ch. 47 Moon poly-
nomial is exonerated for this event (all modern lunar theories
converge within 0.001° at year —135). Full component-level
decomposition and the identification-cascade evidence are in
the simulation repository.

Reproducibility. The complete solar-eclipse validation
methodology, the underlying numerical inputs, and ten in-
teractive diagnostic buttons (NASA cross-check; per-event
same-day check; 26-event eclipse alignment audit; etc.) are
publicly available in the simulation repository (see Data
Availability). The 26 documented eclipses (spanning —762
Bur-Sagale to 2026 Burgos, and including modern refer-
ence eclipses Eddington 1919, Halley 1715, Henry I 1133,
2024 Dallas total) are exposed as in-app browsable presets
where the user can step through each event and visually ver-
ify Moon-Sun alignment in the 3D scene.

8.11 Lunar Eclipse Validation: «(r) GIA Correction vs
270 Primary-Source Lunar Observations

Complementary to the solar visibility test of subsection 8.10,
the lunar timing test exploits the fact that lunar eclipses are
visible across Earth’s entire night-side hemisphere. Geo-
graphic localization is irrelevant, so the constraint reduces
to per-event timing of opposition — resolving AT to within
minutes per event rather than the ~50-100 s resolution of
the solar visibility test. This subsection presents the vali-
dation against 270 primary-source lunar observations (267-
event three-way-comparable working set) and 89 primary-
source solar observations from Stephenson et al. (2016), de-
rives the L1-orbital-coupled a(f) GIA correction from inde-
pendent satellite gravimetry and the Climate Formula’s L1
orbital layer, and characterizes the remaining medieval-era
residual as a three-component structural decomposition (four
sub-Milankovitch harmonics on the era device’s bounded ba-
sis — the shipped 4-flag stack: Bond, Hallstatt, Jose5, Jose4;
the Core-mantle swing episode; and a broadband noise floor)
— with an eight-hypothesis test whose aggregate-level cor-
relations (H3, H6, H7) fail per-era robustness and are down-
graded to drift-tracking artifacts.

The a(r) climate-driven GIA correction. Earth’s polar
moment coefficient @ = C/(M - R?) is no longer treated as
a strict constant in the model. It evolves via Glacial Isostatic
Adjustment (GIA) — the solid-Earth response to a chang-
ing ice load, not the surface load itself. Beneath a growing
ice sheet the mantle flows away from the load towards lower
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latitudes; that mass moves away from the rotation axis, so @

and the moment of inertia I = o - M - R? rise and the rotation

rate w = Lgarh/Igartn falls — glaciation lengthens the day.

Deglacial rebound reverses the flow poleward, lowering «

and ticking w up. The sign must be read from this solid-Earth

flow and not from the surface ice/water exchange, which acts
in the opposite direction: grounded ice sits near the rotation
axis while the ocean water it was drawn from lies far from
it, so the direct surface load alone would make glaciation
shorten the day. The two act as separate channels with op-
posite climate signs; they are compared below. Critically,

a(t) is a purely Earth-internal mass redistribution: it does

NOT transfer angular momentum to the Moon, so the Moon-

distance evolution of Farhat et al. (2022) and Kepler’s 3rd

law for the Moon are untouched. Only the Lg,y, ¢ w parti-
tion shifts; the total Earth-Moon angular momentum Ly gm
is conserved.

Ice-mass redistribution has two components: the one-way
Holocene rebound from the last glacial maximum, and the
underlying glacial cycle itself — ice sheets building up and
melting on ~100 kyr timescales driven by orbital forcing.
The framework couples a(#) directly to the L1 orbital layer
of the canonical Climate Formula (subsection 5.4), the same
layer that fits the LR04 §'30 record over 0—1 Myr:

a(t) = @000 — k - [Li(year) — L;(2000)] (18)
where Li(year) is the L1 layer evaluated in 6'80 %o. One
physical mechanism, two observables: the same L1 orbital
signal drives both the ice-volume proxy in the sediment
record and the a-driven length-of-day oscillation.

The formulation is anchored on three independent litera-
ture inputs, none fitted to eclipse data:

o @000 = 0.3306947 (IERS Conventions 2010) — present-
day boundary value.

e da/dt(J2000) = -1.35 x 107! yr~!, translated from
dl/dt = =27 x 107! ylr’1 (Cox & Chao (2002), con-
firmed by Cheng et al. (2013)) via the axisymmetric-GIA
geometric factor dJ,/da = 2.0 (Peltier ICE-6G; Peltier
(2004)) — modern rate boundary condition.

e [(year) coeflicients — the 28 physical beat lines of sub-
section 5.4, amplitudes from the Climate Formula’s fit
against LR04 6'80.

The single new parameter k = 1.69 x 1077 %" is calibrated

so that da/dt at J2000 under Equation 18 matches the Cox—

Chao rate exactly. That calibration is not fitted to eclipse data

— it is fixed by satellite gravimetry.

Three-way comparison vs primary-source lunar obser-
vations. The dataset comprises 270 timed lunar observa-
tions from Stephenson et al. (2016) supplementary tables SO1
(Babylonian) + S02 (Babylonian zigpu) + S04 (Almagest)
+ S05 (Chinese) + SO07 (Greek) + S09 (Arab). The head-
line metric is computed over the 267 of those 270 events
for which all three AT predictions are defined — the re-
maining three fall outside the NASA Espenak/Meeus polyno-
mial’s published validity range or have missing per-event AT
in Stephenson et al. (2016), so they cannot participate in the
three-way comparison. For each qualifying event, three AT
predictions are compared: the Stephenson-derived per-event
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“observed” AT, the NASA Espenak/Meeus polynomial aver-
aged over the observation year, and the model’s pure-tidal +
a(t) GIA prediction. The per-event mean |residual]:

Mean [residual| (s)

1,199
1,210

Mean [residual| (min)

20.0
20.2

NASA Espenak/Meeus AT
Model pure-tidal + a(#) GIA (L1-orbital)

The model’s mean |[residual| is 20.2 min against these
primary-source observations, and the framework beats
NASA on 121/267 events (45.3%) at the per-event level.
The trend anchor, 4-flag stack, and Core-mantle swing are
calibrated jointly against the Espenak & Meeus (2006) AT
polynomial 1650-2017. Both NASA and Stephenson et al.
(2016) are polynomials fit to overlapping subsets of the same
lunar dataset, so a per-event residual against either indexes fit
quality against a smoothed representation of the observations
rather than physical validity. The framework’s independent
validation is the solar-eclipse alignment of subsection 8.10,
which does not depend on any AT polynomial.

Cross-source consistency. After detrending with the linear
slope (—1.88 s/yr under the L1-orbital a(¢)), the four inde-
pendent observation traditions agree on the model’s residual
magnitude to within a few hundred seconds (the per-source
figures are those of the recorded run in the simulation repos-
itory; the registry carries the headline totals):

Source  Tradition n  Detrended mean (s) RMS (s)
S01 Babylonian 125 -44 2252
S02 Babylonian (zigpu) 21 -342 1302
S04 Babylonian (Almagest) 9 +258 1768
S05 Chinese 69 +174 1050
S07 Greek (outlier) 11 -794 1509
S09 Arab (medieval) 32 +57 763

S09 (Arab medieval — Ibn Yunus, Habash al-Hasib, al-
Battani) is the tightest at +57 s with RMS 763 s. Four ob-
servation traditions separated by thousands of years and tens
of thousands of kilometres agree on the residual magnitude
to within the noise floor — cross-cultural agreement at this
level confirms the residual is a property of the model fit, not
a regional observational bias.

Independent solar cross-validation. The same three-way
comparison pipeline applied to 89 primary-source solar ob-
servations from Stephenson et al. (2016) supplementary ta-
bles SO3 (Babylonian, 25 events), SO6 (Chinese, 42 events),
and SO8 (Arab, 22 events) gives a model mean residual of
670 s vs NASA’s 672 s, with the framework beating NASA
on 42/89 events (47.2%). The absolute residuals are smaller
than the lunar case because solar observations have tighter
intrinsic precision. The per-century overshoot magnitude
in years 800-1300 CE matches between lunar and solar
datasets, confirming that AT is a property of Earth rotation
independent of eclipse type — the type-independence re-
quirement passing.

An open Bond IRD correspondence — not a cross-vali-
dation. A separate comparison of the shipped AT stack (4
flags + Core-mantle swing) against an entirely independent

paleoclimate archive — Bond et al. (1997) North-Atlantic
ice-rafted-debris (IRD) proxy stacks — yields Pearson cor-
relation r = +0.44 across the —4, 000 to +1, 800 CE window,
with sign convention — warm epochs expected at Xy, > O,
cold at g,k < 0, i.e. a warm climate coincides with a longer
day — agreeing on 4 of 5 major named events in that in-
terval. The IRD record is a direct paleoclimate observable
of North-Atlantic ocean-atmosphere rhythm, independent of
Earth-rotation history, and the stack was never fitted to it.
The correspondence is nevertheless not established as phys-
ical, and we do not claim it as external validation. Four null
tests are reported here so the correspondence is not over-read.

First, the correlation accounts for only ~13% of variance.
Second, the event-level sign agreement of 4 of 5 samples one
hand-picked year per named period; scored instead across
the full period bands it holds for 65% of years against a
50% coin-flip baseline, and for none of the Little Ice Age
(1300-1850 CE), where Zg,.k remains positive across all five
centuries. Third, matching the stack’s zero-crossings to ten
named climate transitions gives a median offset of 262 yr
against a Monte-Carlo null median of 353 yr — p = 0.19,
not significant. Fourth, and most directly, band-limited test-
ing against phase-randomised surrogates leaves no frame-
work harmonic significantly phase-aligned with either the
IRD record or GISP2 once the 16 tests performed are ac-
counted for — the sole nominal hit (p = 0.046) is one of
those 16. At the Bond period specifically the stack and the
IRD record are close to anti-phase (175°), and permitting a
drifting phase via windowed phase-tracking does not recover
alignment (PLV p = 0.49).

The correlation is therefore real as a number but is not car-
ried by the 1,466-yr band, and it cannot be used as evidence
that the device’s periods are the climate periods. The four
cycles rest on their AT closure, which is what they were fit-
ted to and what they achieve; the further inference to a cli-
mate mechanism remains open (Figure 16). A flags-only
stack scores higher (r = +0.49), consistent with the Core-
mantle swing being core-supplied angular momentum rather
than climate; but since neither figure survives the null tests
above, the difference between them should not be read as
confirming the two-engine amplitude budget.

Two climate-coupling mechanisms, opposite signs. Cli-
mate reaches Earth’s rotation through two physically dis-
tinct mechanisms whose signs are opposite — standard geo-
physics, independent of this framework, but a distinction that
must be kept explicit because each is routinely stated with the
other’s mechanism. The surface-mass mechanism: warming
melts grounded ice into the ocean, moving mass away from
the rotation axis, so the day lengthens, essentially concur-
rently with the climate signal. The solid-Earth (GIA) mech-
anism: warming unloads the crust and the mantle rebounds
poleward, lowering «, so the day shortens — lagging the cli-
mate forcing by the mantle’s relaxation time, ~4—6 kyr.

The two are not on equal evidential footing here. The a(¢)
channel implements the solid-Earth mechanism by construc-
tion, anchored on Cox & Chao (2002) satellite gravimetry,
so that identification is secure. The AT stack is hypothesised
to carry the surface-mass mechanism, and the Zg,ex > 0 =
warm convention — which the 4-of-5 score above tests —
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is that hypothesis stated, not an established property of the
harmonics. It is precisely what the null tests above fail to
support. The opposition is not a defect but the reason the
deglacial spin-up of the following paragraph leads rather
than coincides with peak interglacial warmth. It also means
the two channels need not agree about any given epoch: at
J2000 the GIA term is —0.35 ms/cy while the stack term is
—1.42 ms/cy and descending toward its 2206 trough, so they
currently indicate the same sign for different reasons and on
different lags. Any index built by summing the two must
therefore enter them with opposite signs and account for the
offset lag; naive addition cancels the physics it is meant to
expose.

LOD-Climate Rhythm — 4,000 BC-2050

“;
2

aaaaaaaaaaaa

Figure 16: Framework d LOD/dt layers (Tidal L1, +GIA L2, +Cy-
cles L3, +Core-mantle L4) against the Bond-cycle harmonic across
the validated window —4,000 to +1,800 CE (r = +0.44 vs Bond
et al. (1997) IRD), with named warm/cold periods shaded. High-
rate phases align with warm periods (Roman, Medieval), near-zero
phases with cold ones (Little Ice Age).

Run further backwards, out of sample, the stack makes an
additional retrodiction. During deglaciation the GIA chan-
nel reaches its maximum spin-up (Tidal+GIA baseline mini-
mum ~0.9 ms/cy near 10,600 BC), so stack troughs push the
total rate below zero: episodes clustered between ~23,000
and ~1,300 BC in which the day transiently shortened, deep-
est at ~—2.4 ms/cy near 8,600 BC (tidal +2.12, GIA —1.1,
stack trough —3.4). The shipped stack additionally places
the present day inside such an episode: the net rate at
J2000 is marginally negative (+0.26 ms/cy, descending phase
since ~1980), consistent in sign with the observed post-
2020 spin-up. Sign-flipping rates have mainstream prece-
dent on shorter timescales — the observed post-2020 spin-
up (subsection 4.4), the decadal core-mantle negative phases
of Holme & de Viron (2013), and the near-zero troughs of
the ~1,500-yr oscillation of Stephenson et al. (2016) — but
a sustained deglacial excursion of this depth is a framework
retrodiction, testable against eclipse-independent Holocene
rotation proxies. In the same window the depressed base-
line centres the stack swings on zero, flipping the sign of
the day’s drift every few centuries through the Older Dryas—
Younger Dryas—8.2 ka sequence; the rhythm’s periods are
comparable to the Younger Dryas’ own duration, so this is
pacing context, not an explanation — the established melt-
water/AMOC mechanism for those events stands.

Testing candidate mechanisms and structural decompo-
sition of the medieval residual. After the a(¢) correction
absorbed the dominant first-order residual, a smaller bump-
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shaped overshoot (~ 1,000 s peak in the 840-1020 CE
window — the exact peak year is reference-polynomial-
dependent, see below — with FWHM ~ 660 yr under the
L1-orbital-coupled a(r) of Equation 18) remained in the me-
dieval era. Structural diagnostics show the residual decom-
poses into a linear secular drift plus a single symmetric bump
in the medieval window — one mechanism each for drift
and bump. Specifically, the raw signed A(year) shape is
not antisymmetric about any candidate crossover year (best
raw-antisymmetry score —0.87), but after removing the lin-
ear trend the detrended residual is symmetric around year
990 CE with score 0.97. The |A| pattern shows large excess in
both the ancient BCE and medieval CE eras; the two-humped
appearance in |A| terms is the drift-dominated side (ancient
BCE) and the drift+bump side (medieval CE) of the same
drift+bump superposition, seen through the | - | operator, not
two independent excursions. Reference-polynomial robust-
ness (Stephenson 2016 spline vs a NASA-catalog locally-
smoothed reference) shows shape correlation r = 0.82 and
RMS A magnitude within 2%, but peak-year shifts by 180 yr
between references (Stephenson 1020 CE vs NASA-derived
840 CE) — the “peak in the 840-1020 CE window” claim
is robust; single-number claims of exact peak year and exact
peak magnitude are reference-conditional.

Eight candidate mechanisms have been tested against the
L1-orbital residual, summarized in Table 25. Aggregate-
level correlations that initially appeared significant (H3, H6,
H7) fail per-era robustness: their apparent signal is driven
by the shared secular drift and does not survive within-
era testing. The residual decomposes into three compo-
nents: (i) sub-Milankovitch oscillations at four periods of
the era device’s bounded basis — four spectral signals car-
ried on fixed fractions of the anchor unit: the Bond-
scale 1,466 yr harmonic (74 x Jupiter-Saturn synodic at
0.22%; only 4 yr from the canonical ~1470 yr Bond cy-
cle of Bond et al. (2001); the physical anchor is Jupiter-
Saturn synodic dynamics via Charvatova’s solar inertial mo-
tion mechanism); the Hallstatt-scale 2,430 yr harmonic (the
well-established Hallstatt solar-activity cycle at ~2400 yr
documented in cosmogenic-isotope reconstructions of Da-
mon & Sonett (1991) and Steinhilber et al. (2012)); the 897 yr
harmonic (5 X Jose 179 yr, Charvatova (2000), at 0.28%
offset); and the Jose4 716 yr harmonic (4 X Jose 179 yr at
0.083% offset — the tightest structural anchor of any 600—
800 yr candidate; identified via cross-archive spectral coher-
ence in the Steinhilber et al. (2012) '°Be solar-activity recon-
struction and the Bereiter et al. (2015) EPICA CO, record).
The basis fractions served as a candidate-enumeration heuris-
tic in the period scans, not as a physical selection rule; selec-
tion rests on cross-archive empirical significance (Steinhilber
10Be, EPICA CO,, Bond IRD). Amplitudes and phases for
the four harmonics are fit-derived (constrained physical pri-
ors against the Stephenson AT residual, using cap-only ship-
ping where the prior is a maximum bound, never a floor) —
the 4-flag stack is shipped default-ON with each cycle indi-
vidually toggleable for A/B measurement; shipping the fitted
amplitudes/phases violates the paper’s original zero-eclipse-
fit design at the amplitude/phase level, which is documented
openly in-code. Only the periods are held fixed; the ampli-
tudes and phases are the fitted content. Component (ii) is
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a linear fractional non-tidal secular rate of ~0.5 ms/century
(~10% of Munk-MacDonald, ~2x Cox-Chao GIA-only).
Component (iii) is a broadband noise floor at the ~ 20-
min per-observation precision level. Component (ii) is a real
physical signal, carried by the Core-mantle swing episode.

Under the L1-orbital a(#) of Equation 18, the aggregate
mass-balance integrated correlation (H3) reaches r = —0.381
(p < 107*) on the lunar dataset, but a per-era diagnostic —
correlating within each of the four archaeological eras (Baby-
lonian, Chinese, Arab, European) individually — shows the
correlation collapses to || < 0.15 within every era. The
aggregate signal is therefore drift-tracking: both mass bal-
ance and the residual carry the same secular linear trend,
and their alignment on that shared drift is what produced the
~40 aggregate correlation. It does not represent a within-
era coupling. The same per-era test similarly disposes of the
Path A solar-inertial-motion and Test 5 planetary-perihelion
follow-ups: any candidate carrying a monotone secular com-
ponent produces the same shape of aggregate-level correla-
tion with the drifting residual, so no aggregate-level corre-
lation can be interpreted as a within-era physical channel
until per-era robustness is passed. None of the tested can-
didates does. The full statistical methodology (Bonferroni
multiple-comparison correction, white-noise null compari-
son for spectral peaks, jackknife robustness, independent-
dataset replication, per-era decomposition) is documented in
the simulation repository (see Data Availability).

What this establishes. The three-way non-tidal decom-
position of subsection 8.10 (full Munk-MacDonald re-
jected, GIA-scale included, fractional ~0.5 ms/century car-
ried by the Core-mantle swing) together with the three-
component residual decomposition developed above (four
sub-Milankovitch harmonics on the device’s bounded basis
— the shipped 4-flag stack: Bond, Hallstatt, Jose5, Jose4;
the Core-mantle swing episode; broadband noise) fixes the
geometry of the medieval-era problem. Four independent ob-
servation traditions agree on the model’s residual magnitude.
The fractional non-tidal channel is identified as time-varying
mantle-core coupling — the millennial core—mantle rotation
swing of Stephenson et al. (2016) and Dumberry & Blox-
ham (2006), corroborated by archeomagnetic core-flow re-
constructions, with a uniform secular alternative disfavored
at ~40 by a signed solar-drift bound. The remaining sci-
entific work is independent (non-eclipse) calibration of the
harmonic and swing amplitudes against physical mechanisms
measurable outside the eclipse record; archeomagnetic cali-
bration is currently blocked by a known ~300-yr field-model
phase-lead systematic.

The testable prediction: a ~250 ms Milankovitch LOD
oscillation. Under Equation 18, « oscillates with the
~100 kyr, ~41 kyr, and precession-band periodicities that
drive climate. This translates to a ~250 ms peak-to-peak
length-of-day oscillation in phase with the glacial cycle
(Figure 18), with LOD peaks at MIS 6 (~140 ka BP),
MIS 2 / LGM (~22 ka BP), and the projected next-glacial
onset (~60,500 AD, coincident with the Climate Formula
prediction of Equation 10), and troughs at MIS 7e, MIS 5Se
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Table 25: Eight tested candidate mechanisms for the medieval
residual under the L1-orbital a(f) of Equation 18. H3, H6, and H7
aggregate correlations fail per-era robustness (details in the para-
graph below); the remaining channel is component (ii), a fractional
non-tidal ~0.5 ms/century drift.

# Outcome

a(1)

Full HdV rate re-
jected (Babylonian
AT over-corrected by
~2,700 s). A fractional
~0.5 ms/century
(~10% Munk-
MacDonald, ~2X%
Cox-Chao GIA-only)
IS detected in the
linear residual — time-
varying ~ mantle-core
coupling, carried by
the Core-mantle swing
episode  (see Data
Availability).

r =-0.108, p = 0.065
(borderline null)
Aggregate r = —0.381
(p < 10™) collapses to
[rl < 0.15 within each
era = drift-tracking,
not physical coupling
(see below and per-era
diagnostic).

Lunar best-lag null (r =
—0.108 at A = 0); so-
lar r = +0.246 at A =
200 (p = 0.020); sign
mismatch = no coher-
ent lagged coupling.
Lunar null
(r —0.054); solar
r=-0.228 (p = 0.033)
— same sign, only
solar significant.

0/9 at FAP < 5%
against the shipped
residual — no un-
explained periodic
forcing remains in the
record.

Passes every in-catalog
robustness test, but the
observation  epochs’
own spectral window
peaks at 1430 yr
(a ~7.15-yr eclipse-
cadence comb) =
sampling-window
artifact; a real 0.15-ms
decadal LOD line
would integrate to only
~0.12 s of AT, four
orders below the fitted
amplitude.

Peak at 18.7 yr, FAP
70.6% (well above
5%).

Hypothesis (L1-orbital

1 Constant mantle-core coupling at

Holme (1998) secular rate

Mass-balance < residual (instanta-
neous)

Mass-balance integrated ¥ — 2000,
with solar replication

Mass-balance  lagged
[0, 1000] yr scan)

(A

Mass-balance signed sign-duration

Nine literature periodic forcings (10—
2500 yr) via Lomb—Scargle

14.2-yr peak focused robustness
(from #6)

8 Lunar nodal cycle (18.6 yr) targeted

in medieval data alone

Eemian, and today’s Holocene. Figure 17 shows the rate-
domain signature across the last two glacial cycles with the
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LRO4 record itself overlaid: the Tidal+GIA baseline rides
above the tidal line through ice-sheet growth and dips sharply
at the two deglaciations, with the deepest negative-rate ex-
cursions at Termination II (— Eemian) and Termination I
(— Holocene). No LOD data entered the climate fit and
no climate data entered the LOD fit — the alignment is the
shared mechanism.

LOD-Climate Rhythm — 200,000 BC-2050
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Figure 17: Framework d LOD/dr across the last two glacial cycles
(200,000 BC-2050 CE) with the LR04 benthic stack (Lisiecki &
Raymo, 2005) as inverted 6'%0 (green, secondary axis; positive =
warm). The Tidal+GIA baseline (teal) carries the ~41/100-kyr a(t)
modulation of Equation 18, driven by the same L1 orbital layer fitted
to LRO4 in the Climate Formula; the 4-flag stack (gold) supplies the
millennial envelope. The deepest spin-up excursions align with the
two deglaciations.

The underlying ice - J, — a — LOD link is directly
confirmed on decadal timescales by Cheng et al. (2013): LA-
GEQOS J, transitions from linear GIA-driven decrease to ac-
celeration around 1998, attributed to polar ice-mass loss —
the same mechanism, observed at satellite timescales. The
100-kyr extrapolation follows from the same physics but
is not yet directly observable in ~50-year satellite records.
The physical claim is that planetary gravity, climate, and
Earth rotation are one coupled system, connected by ice
mass as the mediator: the millennial-scale LOD variation
(section 9 Prediction 5) and the climate-cycle glacial on-
set (section 9 Prediction 6) are the same underlying signal
viewed through two observables.

Reproducibility. The complete Iunar-eclipse validation
methodology, the a(f) physics derivation, the eight ruled-
out hypotheses with full statistical methodology, and twenty
in-app diagnostic buttons (foundation tests; predictive find-
ers; NASA Canon cross-check; primary observation tests;
residual investigation) are publicly available in the simula-
tion repository (see Data Availability). The L1-coupled a(?)
prediction of Figure 18 is reproducible via the Formula Ver-
ification — Solar Day Length — Export Cycles view in the
interactive simulation.

Solar Day Length Cycles
— Thismodel  — Bils & Ray (1999) - This model (ong term mear)

8640200

86401.00 <

12000 56400.001776
8640000 o

86399.00
86398.00
86397.00
86396.00

86395.00

200000 150000 -100000 50000 o 50000 100000

Years (BC /AD)

Figure 18: Model prediction (blue) for Earth’s mean solar day
length over —248 kyr to +102 kyr under the L1-orbital a(#) of Equa-
tion 18, versus a linear tidal-recession extrapolation (red) at the
modern lunar recession rate of ~3.82 cm/yr (Dickey et al., 1994)
projected forward and backward. The L1-coupled () produces
a ~250 ms peak-to-peak oscillation on top of the smooth tidal
trend, with LOD peaks (glacial: MIS 6, MIS 2 / LGM, projected
next-glacial) and troughs (interglacial: MIS 7e, MIS 5e Eemian,
Holocene / J2000) aligned to the L1 orbital extrema of the Cli-
mate Formula (subsection 5.4). The dashed purple curve marks the
long-term climate mean — the LOD trajectory Earth would follow
with « held at its glacial-cycle mean (@) = @000 + k - L1(2000)
rather than at its J2000 snapshot value. Blue oscillates around this
mean line; the ~0.14 s gap between the mean and the J2000 an-
chor reflects the fact that J2000 sits at an interglacial extremum of
Ly (L1(2000) ~ —1.04 %o, near its minimum), so a(J2000) is at an
oscillation edge, not the cycle centre. The blue dot marks the J2000
model anchor at 86,400.001880 s; the horizontal dashed grey line
marks the SI-second baseline at 86,400 s. Same L1 layer drives both
the LOD signal () and the 680 record — one mechanism, two ob-
servables.

9. Testable Predictions

The model’s falsifiable content is three deep-time predic-
tions and three pre-registered falsification legs (Table 26).
Three further items are listed below with their status stated
rather than counted as predictions: one is withdrawn by its
own pre-registered test, one is a consequence that agrees with
the standard secular solutions and discriminates only against
truncated convenience fits, and one has no observation ca-
pable of testing it at present. The distinction is kept ex-
plicit because a count of six would overstate what is actually
at risk. The list is deliberately curated: validated retrodic-
tions (the Earth-Moon genesis at the Roche limit, the De-
vonian day count, the Cheng cross-proxy fit) are presented
as validations in their own sections (subsection 6.4, subsec-
tion 6.5, Figure 5.3), resolved questions live in their sub-
ject sections (Mercury’s anomaly — General Relativity, sec-
tion 7; the planets’ spin channel and obliquity bands, Ta-
ble 4), and structural statements (the tidal-lock asymptote,
the invariable-plane geometry, the braid drift rates) are stated
with their derivations.

9.1 Centuries to Millennia:
Withdrawn Item

1. The elements turn where truncated polynomials keep
going — a consequence, not a discriminator. Every ele-
ment the model bounds reverses where the standard poly-
nomial extrapolations continue monotonically past their

Consequences and One
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fit windows, while agreeing with them throughout. This
is stated for completeness and should not be read as a test:
the Capitaine and Meeus expressions are convenience fits
with declared validity ranges, not the standard model, and
the full secular solutions turn too — the model agrees with
Laskar et al. (2004) through the window where both are
defined (subsection 4.1). What follows is therefore a state-
ment about where series truncations fail, which is not in
dispute. Axial precession period: minimum ~25,082 yr
around ~11,822 AD, then a maximum of ~26,257 yr
around ~32,903 AD (the Capitaine polynomial models no
oscillation). Obliquity: reversal back toward the mean af-
ter the next minimum (~12,200 AD at ~22.61°) on the
~41,098-yr obliquity beat; long-term envelope 22.21°-
24.72°. Longitude of perihelion: divergence from the
Meeus polynomial after ~3,000 AD. Solar year in days:
decreases secularly under Driver 1 with no near-term re-
versal (against the Laskar-form reversal at ~10,900 AD).
Two visible consequences ride along: the Gregorian cal-
endar drifts (June solstice on June 17 by ~11,725 AD)
and the analemma changes shape, its width following
eccentricity and its length obliquity (Figure 19). The
analemma is the one item in this group an observer can
check directly against an almanac of their own epoch.

The Analemma at Four Epochs — sky view facing south

+=+ Sun, one dot per day of the year of date ®  Cardinal points * Perihelion

1,248 AD
20017015 >

6,433 AD

11,487 AD
©0.014608 - £ 22° 6"

20011720 €2

Figure 19: The Sun’s analemma at four epochs, each drawn one
dot per day of that epoch’s year and viewed facing south. The
perihelion marker walks once around the figure as the perihelion
of date completes its circuit — from the December solstice at the
model’s own series crossing, 1247.2 AD (the device anchors two
years earlier, at the 1246.03125 AD mean-element alignment; sub-
section 1.3), round to the March equinox, the June solstice and the
September equinox in turn — while the equation-of-time envelope
narrows from +15.6 to £12.2 minutes as eccentricity falls.

2. Length of Day variation — distinctive but not currently
testable. The monotonic part is standard; the distinc-
tive claim is the superimposed ~250 ms peak-to-peak Mi-
lankovitch oscillation, and no observation can presently
resolve it. Satellite records span ~50 years against a
~100-kyr band, and no paleo-rotation indicator reaches
the required precision, so this is listed as a consequence
of the a(¢) coupling rather than as a falsifiable prediction.
It would become one with either a paleo-rotation proxy
sensitive to ~250 ms on the tidal-recession trend or a far
longer satellite baseline. LOD increases monotonically

under Driver 1 at a modern rate of ~1.7 ms/century, with
the oscillation from the L1-orbital a(¢) of Equation 18.
LOD peaks at glacial extrema (next projected peak at
~60,500 AD, coincident with the extrapolated glaciation
of item 3 below), and troughs at interglacial extrema
(today’s Holocene at J2000; next interglacial trough at
~164,000 AD). Short-term fluctuations (e.g. the 2020—
present speedup) sit on top of this trend. See Figure 18.

3. Orbital cooling onset and next glaciation peak — with-
drawn as a prediction (T7): this item extrapolated the
canonical Climate Formula (subsection 5.4), fit on the
post-MPT regime, 250 kyr forward. The pre-registered T7
test measured that the fitted lines carry no out-of-sample
skill even within the regime, so the extrapolation is a de-
scription carried forward and no longer counts among the
falsifiable predictions; the record is kept here. It placed
the next natural glaciation peak at ~58,500 yr from now
(~60,500 AD), the strongest glaciation in the next quarter-
million years at ~196,500 yr, and the warmest interglacial
in the window at ~164,000 yr. The two strong glacia-
tions sit ~138 kyr apart, longer than the ~100 kyr post-
MPT pacing. The qualitative finding agrees with Berger
& Loutre (2002)’s ~50 kyr-to-next-glaciation prediction
(~17% from the canonical ~58.5 kyr). Anthropogenic
CO, may delay the next natural glaciation by 50+ kyr
in moderate-emission scenarios (Ganopolski et al., 2016);
this is not included in the formula.

9.2 Deep-Time: the Three Falsifiable Predictions

These three, with the legs of Table 26, are what the model ac-

tually puts at risk. Each differs from the standard reading by

a measurable amount at a dated epoch, and each names the

observation that would end it. The Expanding Solar System

Resonance Theory of section 6, together with the L1-coupled

a(t) rotation channel, is what forces them. (Its banked deep-

time retrodictions — the Earth-Moon genesis at the Roche

limit with no Hadean constraint in the fit, the Devonian day
count matching Wells (1963), the Cheng et al. (2016) cross-
proxy fit — are validations, presented at subsection 6.4, sub-
section 6.5 and Figure 5.3; the tidal-lock asymptote is a struc-

tural consequence carried with its derivation in section 6.)

4. Lunar precession scales as (U/Uy)* on the era-clock
counter across geological time (Equation 6.8). The
Moon’s apsidal period was ~9.69 yr at the Devonian and
~17.15 yr at 2.5 Gyr, with Typ6qa X U = 2,966,728 yr2
at every epoch. Independent deep-time reconstructions
of the lunar apsidal period (via spectral analysis of
tidal rhythmites or cyclostratigraphic records sensitive to
perigean modulation) should reproduce the UO2 /U(¢) track
within ~1%; a Phanerozoic apsidal period substantially
off this track would falsify the device’s scaling.

5. The deep-time obliquity band follows the beat, not
pure precession-scaling: the obliquity cycle is the beat of
Earth’s spin precession against the strongest nodal mode,
27t/ ((£)—|s3]), with y(¢) the composed lunisolar rate (sub-
section 6.3) and s3 at its dynamical value under the mea-
sured solar-mass history. Today the beat and the simpler
“obliquity period o T),” reading are degenerate — 41.1 vs
41.1 kyr — but they diverge into the Precambrian: 19.1
vs 23.9 kyr at 1.4 Ga and 15.1 vs 19.8 kyr at 2.46 Ga,
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Table 26: Falsification criteria: each major claim mapped to its
specific falsifier and observational test.

roughly a factor two. The model pre-registers the beat
form, which is what the derived obliquity dynamics pro-

duce (subsection 4.1); a dated Precambrian obliquity pe-

3 / T Claim Falsifier Test
riod on the pure-scaling track would falsify it. - -
6. Deglacial spin-up leads the interglacial optimum Ifeg 1— de.ep- A Precambrl,an section The 1.4-and
. . time scaling whose precession or oblig- 2.46-Ga an-
by ~5-10 kyr: sustained negative dLOD/dr occurs . . .
h i1 the f 1S 200-k d d split (sub- uity period departs from chors (Table 1)
nowhere in t e framework’s -kyr record except U Gection 6.3): the composed rate, or
ing the two major deglaciations (GIA-channel rate min- - precession whose  long-eccentricity
ima ~—1.2 ms/cy at ~10,600 BC and ~127,800 BC; Fig-  and  obliquity period scales with the spin

ure 17). Because the GIA rate term tracks the melting
rate — « follows ice volume (more ice displaces mantle

follow the com-
posed lunisolar

equatorward, raising «), so da/d¢ oc d(ice)/dt and melt- rate; long-

ing drives @ down — the rate minimum marks maximum  eccentricity

melting speed, and peak interglacial warmth follows ~5—  follows the

10 kyr later, when melting completes: the derivative leads ~ SClar-mass

the integral. It is the minimum that carries the informa- history only . .

. . . . Leg 2 — Any gate failing — in- The gate
tion, not the sign; the GIA rate stays negative for mil- Lo . . .

lennia af i ds b h ) historical-era  cluding an unexplained im- suite (sub-
ennia a ter melting ends because t.e mani[ € gOeS ON Ie- oo i acs: provement section  8.10,
bounding (—0.35 ms/cy at J2000, with the ice sheets long eclipses,  the subsection 8.11,

gone). Any eclipse-independent paleo-rotation record
should therefore show the spin-up episode preceding the

LOD/AT stack,
cardinal points,

subsection 6.5)

Holocene Climatic Optimum and the Eemian peak by sev- 41 paleo an-
eral kyr; a record showing it concurrent with or after peak  chors
warmth would falsify the a(f) coupling’s phase structure. ~ Leg 3 — p- A U-Pb period inconsis- Sharper zircon
Causality runs climate — rotation (ice —» J, — a — consistency tent with wu(2.48 Ga) = dating of the
LOD): the rotational signature is a leading indicator of ~ (Subsec- 1.00 +0.07 Joffre/Kuruman
peak warmth, not a driver. Ilon 6.10): sections
The classical precession of the equinoxes on the com- ong
. . . eccentricity
posed lunisolar rate (subsection 6.3) is the first pre- =
registered leg rather than a numbered prediction: Earth’s ax- 405 ¢ kyr/u'1%
ial precession period T), was ~21,699 yr at the Devonian,  The  N-body The series failing to match The  standing
the constants at 1.4 and 2.46 Ga are gate rows, and the series’ era- the observed eccentricity gate suite
modern-era rate of change of ~6 yr per Myr is in principle  exactness value or rate inside the ob-
observable in high-precision IAU precession-rate measure-  (subsection 8.8) servation window
ments over decades. 100,000-yr Bispectral 95k+125k cou- Longer  non-
climate cycle is pling detected, or 405-kyr tuned LR0O4
9.3 Falsification Criteria a multi-planet term at predicted domi- analysis

Each major claim of the model maps to a specific falsifier and

eigenmode-beat

nant amplitude in post-

observational test. The model would be falsified if any of the ~ band (sec- MPT LR0O4
following outcomes is observed: tion 5), not

direct  Earth-

eccentricity

forcing

Mercury’s rela-
tivistic  supple-
ment (section 7)

6nGM/(c?a(l — ¢€%)) fail-
ing to close N-body against
ranging to 0.1” /cy

BepiColombo’s
second epoch
(April 2027)

10. Discussion

10.1 What the Model Explains

The framework unifies six phenomena — axial precession,
inclination precession, perihelion precession, obliquity vari-
ation, eccentricity variation, and day/year length changes —
within a single framework. Beyond Earth, the model’s own
N-body chain carries the eight planets’ elements and secular
modes, and the invariable plane ties Earth’s inclination and
node to them (section 3). The era device produces closed-
form formulas for Earth’s time-domain quantities across its
certified window; the deep-time tier composes them with the
two measured expansions.
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10.2 Scope: What the Model Reproduces, Where It Dif-
fers

The empirical content of the model is summarised in two
compact tables. The first lists quantities the model repro-
duces, cross-validated against published references; the sec-
ond lists topics where the model proposes a different expla-
nation than the current scientific consensus.

Together, the two tables show the model is incremental
rather than revolutionary: every observation in the literature
is reproduced, with disagreements localised to two specific
topics whose discriminating tests are catalogued in section 9.

10.3 Relationship to Existing Theory

The model does not contradict Newtonian gravity: the plan-
ets are integrated from one J2000 seed under Newtonian
gravity with the standard 1PN correction, and Earth’s spin
precession is the classical lunisolar torque on the model’s
own recession history. The Expanding Solar System Reso-
nance Theory of section 6 is the deep-time evolution layer
on top of that: Earth’s spin-side periods lengthen with the
composed precession clock, tested directly by paleo-day-
counts from Wells 1963 Devonian corals to Williams 2000
Ediacaran rhythmites and by the dated Precambrian preces-
sion constants; the planetary system rides the second, far
slower expansion tier (solar mass loss, uniform in the ra-
tios). The two tiers are independent clocks at different scales,
and both persist across the full 4.54 Gyr Earth-system record
while remaining within standard mechanics.

Every observation the model reproduces comes from es-

tablished astronomy. The model adopts the work of the es-
tablished authors below in full; where the interpretation of
a specific observation differs, that is flagged in the right col-
umn.
Bottom line. Every observation is identical to standard as-
tronomy. What is new is the composition: one dynamical
seed and one composed precession clock carrying the plan-
ets, Earth’s spin and time, the paleoclimate spectrum and
their deep-time evolution together, with the two expansions
measured rather than assumed; and the readings of the two
topics above (the 100-kyr cycle origin and the millennial AT
modulation). Everything else converges with established sci-
ence.

10.4 Limitations

The model does not explain:

e Why the era device’s anchor unit takes the value
335,317 yr (it is fitted to the 1246.03125 AD alignment;
its ratio to the precession period, 13.011, is a fit conven-
tion, not a period — subsection 2.2), and why the J2000
reading of the spin and orbital clocks lands where it does
(subsection 2.1)

o Short-term perturbations or chaotic orbital evolution
The model describes secular (long-term) trends only. It

does not include short-period perturbations that average to

zero over millennial timescales:

For the model’s primary predictions (obliquity, eccentric-
ity, longitude of perihelion over millennia), these perturba-
tions contribute < 0.01° to obliquity, < 0.0001 to eccen-
tricity, and < 0.1° to longitude — within the model’s stated
uncertainties. For precise positions on any given day, stan-
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Table 27: Quantities the model reproduces, cross-validated against
published references and standard ephemerides.

Quantity Reference Model agreement
Sun position JPL  Horizons (N = 103" RMS —
219,152) the Meeus (1998)

Ch. 25 reference

Moon position

Planet positions  (seven
planets; Earth is the ob-
server)

Solar / lunar eclipse timings

Earth obliquity + rate of
change

Earth eccentricity at J2000
+ near-J2000 rate

Earth longitude of perihe-
lion at dates other than the
calibration

Year lengths (tropical, side-
real, anomalistic, cardinal)

Day lengths (solar, sidereal,
stellar)

Axial / inclination / peri-
helion / obliquity / ecliptic
precession (Earth)

Planet elements of date (i,
Q,e)

Invariable plane and the
planets’ inclinations and
nodes on it

Laskar et al. (2004, 2011)
secular eigenfrequencies

Berger (1978) climatic-

precession peaks

Mercury’s
vance

perihelion ad-

Saturn’s window-era retro-
grade perihelion

Earth’s eccentricity decline
to the ~27,000 AD mini-
mum

Meeus (1998) / JPL Hori-
zons

JPL Horizons,
RA+Dec RMS

joint

NASA eclipse catalog

Laskar et al. (2004); Capi-
taine et al. (2003)
JPL, NASA

Meeus (1998)

Capitaine et al. (2003)

TAU 2006

Capitaine et al. (2003)

JPL Horizons osculating el-
ements

Souami & Souchay (2012)
published numerical secular

solutions

published spectrum

Park et al. (2017) ranging

JPL WebGeocalc / Standish

La2004

itself reads 1.02”
15.6” RMS (2000-
2099)

10.3”” (Jupiter) to
35.7” (Mars) over
2000-2099; every
target inside 0.012°
across 1800-2100
matched to within

minutes

within  published
uncertainties

match

-0.021° at

1000 AD, -0.009°
at 2500 AD (the
1246 AD align-
ment itself is a
calibration  input,
section 8)

match incl. 1-extra-
tropical-year-per-
axial-cycle identity
match incl. 1-extra-
sidereal-day-per-
axial-cycle identity
within  published
uncertainties

the chain at 2003: <
0.0014°, < 0.03°,
< 2% 107 for all
seven planets (sec-
tion 3)

the chain’s plane
and elements (sec-
tion 3)

the model’s own N-
body modes: g5 to
0.0002" /yr, the go—
gs beat 405.6 vs
405.7 kyr
reproduced as beats
of the same modes
with the precession
clock (p + gi, p +
i, 8 — &j; subsec-
tion 5.4)

the chain’s Newto-
nian rate plus the
relativistic supple-
ment derived from
the same constants,
the 1PN closure
gated to 0.1”/cy
(section 7)

the window phase
of the ~900-yr
Jupiter—Saturn
Great-Inequality
epicycle in the
model’s own N-
body  (long-term
mean prograde, g¢)
the model’s own
series forecasts the
same deep mini-
mum (Table 23);
the classical poly-
nomials (Newcomb

1898; Harkness
1891; Meeus 1998)
continue  toward

~0.01 past their fit
windows
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Table 28: Topics where the model proposes a different explanation Table 29: Relationship to prior theoretical work. Each row names a

than the current scientific consensus.

Topic Standard view Model’s view

Length of Day
pre-1900 (AT)

Monotonic tidal slowing
produces AT polynomial

Millennial cyclic modula-
tion of the LOD growth
rate superimposed on tidal
slowing (subsection 4.4)

100,000-yr Direct eccentricity forcing Multi-planet  eigenmode-
glacial cycle beat band — the planets’
origin eccentricity beats read
from the model’s own
modes, not Earth’s own

apsidal cycle (section 5)

dard ephemerides (JPL DE440/441) should be used. The
J2000-snapshot parameterisation (the device’s fixed unit, fit-
ted per-line climate amplitudes) applies from ~1 million
years ago (Mid-Pleistocene Transition) to the present epoch;
beyond that window the framework remains valid through
the deep-time rescaling of section 6 (every spin-side period
read against the composed clock T,(?), every orbital period
against the solar-mass history), while the climate-formula
amplitudes are per-regime and do not transfer across regime
boundaries (subsection 5.4).

10.5 The Overfitting Concern

With the inputs kept in three ledgers (no free parameter on

the orbital or the precession side, five recorded constants and

declared harmonic coefficients in the era device), overfitting

is addressed by:

1. Explicitly separating calibration from predictions (sec-

tion 8)

Agreement with values not used in construction (the plan-

ets’ elements of date against Horizons, the invariable

plane, the Devonian day count, the Precambrian preces-

sion constants)

Six testable predictions and three pre-registered falsifica-

tion legs, each naming its falsifier (section 9, section 6)

. Every gate shown to fail on a planted violation, and the
paleo-anchor gate failing on an unexplained improvement
as well

2.

10.6 Invitation to Test and Refine

The model is offered as a framework for testing scientific
theories rather than as a closed theoretical statement. Ev-
ery observable in the published literature is reproduced (Ta-
ble 27); the deliberate departures from current consensus are
catalogued explicitly (Table 28), each with a discriminating
empirical test catalogued in section 9. The complete simu-
lation source, all fitted coefficients, the deep-time chain, the
climate-formula fits, and the verification pipelines are pub-
licly available under the AGPL-3.0 (see Data Availability).
We invite independent replication and contradicting evi-
dence. Concrete invitations include: checking the derived
relativistic supplement’s standing N-body closure against the
BepiColombo ranging determinations from April 2027 (sec-
tion 7); dating further Precambrian sections whose preces-
sion and obliquity periods test the composed clock and the
pu-consistency leg (subsection 6.10); reproducing the Wells
1963 / Wu et al. (2024) paleo-day-count match via different
paleontological techniques; testing the Lunar Precession In-
variant Typsigal X U = const (Equation 6.8) via spectral anal-

source whose data or framework the model adopts; the right column
flags any specific interpretive disagreement.

Source Used by the model Where the model differs (if
anywhere)

Kepler — or-  Adopted in full —

bital geometry,

three laws

Newton —  Adopted in full —

universal grav-
itation

Le
/

Verrier
Newcomb
Mercury
~43”/cy mea-
surement
Einstein 1915
— general rel-
ativity

Adopted as the observation

Adopted — the ~43”/cy
advance is derived from the
model’s own constants and
carried as such (section 7)

Adopted as the standard

Berger (1978) The peaks are read as beats

— Mi-  reference spectrum of the model’s own N-body

lankovitch modes with its precession

Fourier de- clock

composition

Laskar et al. Adopted as cross- The model integrates its

(2004, 2011, validation own N-body from one

1993) — nu- J2000 seed; the modes

merical secular agree at the level of

solutions the integration (gs to
0.0002"/yr), the long-
eccentricity beat at 405.6

vs 405.7 kyr
Meeus (1998) —
— Astronomi-
cal Algorithms

Adopted as the form of
the lunar theory (its con-
stants re-derived, subsec-
tion 8.9), for the longitude-
of-perihelion comparison,
and the 1246 AD anchor

Capitaine et al. ~ Adopted as the standard

(2003) — IAU  formulation for Earth pre-
2000/2006 cession comparison

precession

expressions

Chapront et al. ~ Adopted (with Meeus —
(2002) — 1998) for Moon position
lunar  orbital and ecliptic-frame consis-

parameters and
ecliptic  refer-

tency

ence frame

Souami &  Adopted as the invariable- —

Souchay plane reference; the chain’s

(2012) — in-  nodes and inclinations on it

variable plane  are compared in section 3

orientation

TIAU 2006  Adopted as the current- The J2000 reading of the
P03 — axial epoch observation clock T, (~25,771 yr, the
precession rate year laws’ beat, agreeing
~~26k yr with TAU to eight parts in

a million); the period wan-
ders between 24,801 and
26,559 yr across +26 kyr
and turns where the poly-
nomial extrapolation does
not (section 9)

Table 30: Physical effects not included in the model

Perturbation Period Effect Treatment

Lunar nodal cycle 18.6 yr +9” nutation Averaged out
Chandler wobble ~433d Axis wobble (0.7”) Not modeled
Annual wobble 1yr Seasonal mass redistrib. ~ Not modeled
Jupiter perturbations ~11.86 yr  Orbital variations Averaged out
Saturn perturbations ~ ~29.5 yr Orbital variations Averaged out
Solar activity cycle ~11yr Minor thermal effects Not modeled
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ysis of deep-time tidal rhythmites; or extending the histori-
cal eclipse validation (subsection 8.10, subsection 8.11) with
newly recovered primary-source observations. The frame-
work treats contradicting evidence as the most productive
form of engagement.

11. Conclusions

We have presented a geocentric solar-system model built on
two engines: an orbital dynamics engine — the model’s
own N-body integration from one J2000 seed, carrying the
eight planets’ elements, the secular modes and the 405.6-kyr
long-eccentricity metronome — and a lunisolar precession
channel carrying Earth’s spin and time on the composed rate
(1) = [w®)/wol po [fs + (1 = fs)(ao/apu(1)*], anchored at
J2000 by the certified year laws’ beat (T}, = 25,771.4 yr).
Between them sits the frozen era device, the certified time-
domain machinery whose bounded harmonic bases carry the
cardinal points, the year lengths and the AT stack across the
historical window. The inputs are kept in three ledgers (sec-
tion 8), with no free parameter on the orbital or the precession
side.

For Earth the model gives an obliquity derived from one
precession equation on its own N-body orbit plane (subsec-
tion 4.1), an eccentricity from the N-body integration on ev-
ery path (the banked series for the published value and the
Sun, its mode table for the lunar chain), the five Milankovitch
periods as beats of the precession clock with the N-body
modes, and the day and year lengths as frame arithmetic
on that clock. Mercury’s excess advance is General Rela-
tivity’s, carried as the derived supplement (section 7); Sat-
urn’s ecliptic-retrograde perihelion is the window phase of
the Great-Inequality epicycle; the planets’ Earth-frame peri-
helion rates are exact projections of the chain’s ecliptic rates.

The canonical Climate Formula (section 5) puts that or-
bital structure on the climate record: 28 beat lines whose
positions are the model’s own modes and clock, with only
the amplitudes fitted per regime — in-window descriptions
of the record, while the model’s own orbital histories predict
0.357 of post-MPT LR04 out of sample (T7). The 100,000-
year glacial cycle is one broad band carried by the planets’
eccentricity beats, not direct Earth-eccentricity forcing, and
the classical insolation features add nothing the line set does
not already span (subsection 5.6).

The Expanding Solar System Resonance Theory (sec-
tion 6) extends the framework to geological time on
two measured expansions: every spin-side period is read
against the composed precession clock, every orbital pe-
riod against the solar-mass history. The composed clock
is the first pre-registered falsification leg, gated at 1.4 and
2.46 Ga; the historical-era gate suite — the eclipse record
(subsection 8.10, subsection 8.11), where the full Munk-
MacDonald-scale non-tidal speedup is rejected, the AT stack,
the cardinal points and the paleo anchors — is the sec-
ond; and the 405.6-kyr metronome under the measured mass
response, which weighs the ancient Sun at u(2.48 Ga) =
1.00 £+ 0.07, is the third. The Sun and the Moon behind the
eclipse tests are themselves assembled from the framework’s
own structure (subsection 8.8, subsection 8.9).

Taken together, the N-body chain, the composed luniso-
lar clock, the canonical Climate Formula and the Expand-
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ing Solar System Resonance Theory form one continuous
chain: one dynamical seed and one clock organise the plan-
ets’ secular motion, Earth’s precessional dynamics, the pale-
oclimate spectrum, and the deep-time evolution of all three.
Because every layer derives from the same three ledgers (sub-
section 8.3), the framework stands or falls as a whole — and
the three pre-registered legs, tested by every newly dated Pre-
cambrian section, are where it is decided.
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